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1 Introduction

Although partial differential equations (PDEs) constrained optimization and con-
trollability problems share similarities, they originated from different historical con-
texts. Controllability problems can be traced back more than 300 years to Johann
Bernoulli’s brachystochrone problem; see [8] for a historical review. This problem
initiated the development of optimal control theory, in which the system is often
governed by ordinary differential equations (ODEs). PDE-constrained optimization,
on the other hand, was developed in the early 1960s by the desire to extend control
theory to systems governed by PDEs. This field has become an active research field
following the monograph of Jacques-Louis Lions [6].

In this paper, we focus on applying domain decomposition techniques to solve
both classes of problems. To illustrate these two problems, we consider the linear heat
equation as the governing constraint in both cases. In the case of a PDE-constrained
optimization problem, we have a given target § and want to find optimal control
strategies u such that the corresponding solution y of the heat equation is as close as
possible to the given target. This leads to a constrained minimization problem:

. All2 Y N ) v 2
I;I’II? z ”y - y||L2(Q) + E ||y(T7 ) - y(T» .)”Lz(Q) + E ”u”LZ(Q) P
st. dy—kAy=u inQ :=(0,T) X Q, (PD
y=0onX:=(0,T)x3Q y=yg onXy:={0}xQ.

Here, @ > 0,y > 0 and v > 0 are given penalization parameters, x > 0 is the
diffusion coeflicient which is assumed to be constant in the spatial domain, y is a
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given initial condition, 7 > 0 is the final time and Q c R" withn = 1,2,3 is a
bounded open set with Lipschitz boundary. For our controllability problem, we want
to find optimal control strategies u with minimal L>-norm that pilot the solution of
the heat equation y from a given initial condition yq to a zero final condition. This
results in solving a similar minimization problem to (P1) as
.V 2
min 3 lellzz o) P2)
st. dy—kAy=uinQ,yly =0, y=yoonXy, y=0o0nXy :={T} x Q.

The existence and uniqueness of a solution to (P1) are guaranteed by the strict-
convexity of the linear quadratic optimization problem. The null-controllability of
the classical heat equation is also well known, e.g., see [2, Chapter 2.5]. The existence
of solution u € L?(Q) to our null-controllability problem (P2) has been proven in [7,
Theorem 6.1.2] for Q with C>*¢ boundary, § > 0. We emphasize that the results of [7,
Theorem 6.1.2] have been obtained considering a weak solution to the heat equation.
The similarity between these two problems (P1) and (P2) already appears in their
formulations. Indeed, choosing $(7,-) = 0 and setting @ = 0, y — +o0 in (P1)
show that (P1) “converges” toward (P2). We make this convergence more rigorous
in Section 2. On the other hand, if we apply separately time domain decomposition to
the first-order optimality system issued from each problem, we show in Section 3 that
under the same conditions, the convergence factor associated with (P1), pp1, coincide
with the convergence factor associated with (P2), ppy. Our numerical experiments
in Section 4 confirm these results.

2 Relation between problems (P1) and (P2)

First of all, we introduce y,, as the unique weak solution to
Oryu — kAy, =u in (0,T7) xQ, y, =0 onZ, y, = yo on X. (1)

Aubin’s Lemma (see [3, Lemma 6.2]) ensures that any weak solution y, €
C([0,T], L*(R)), hence the initial condition yy € L?(Q) is meaningful. From [3,
Theorem 6.6], there exists a unique weak solution y, € X := L>(0,T; H(l) (Q) to (1)
with 8y, € Y := L*(0,T; L*>(Q)) and y, |5, = yo, such that

10 yull L2 0,711 ()) + Vully + llyullx < C (||M||L2(Q) + ||y0||L2(Q))’ (2)

for a suitable constant C > 0. For the relation between (P1) and (P2), we have the
next result (see [1, Theorem 10] for a similar result in a finite-dimensional case).

Theorem 1 Let yr := 0 and u* be a solution of (P2). Let u’, be the unique solution
of P1) witha =0,y = 1/e and $(T,-) = yr whose existence and uniqueness
Jollows from the strict-convexity of (P1). Let y’, = y,- then



From PDEs Constrained Optimization to Controllability Problems 307
||yz‘(T7 ) _yT”LZ(Q) < VVSHM*”LZ(Q) . (3)

There exist accumulation points of (u%)s C L*(Q) for the weak topology of L*(Q).
Any of such accumulation points is an optimal solution to (P2). If (P2) has the unique
solution u*, then the whole sequence (u%) . converges to u* strongly in L*(Q).

Proof. The optimality of u*, ensures that Yu € L?(Q), one has

1y, i 1
o e =yl + 5 e o) < 52 I0a(Te) = 3l + 5 ullyz g -

Now taking # = u* and using that y,,- satisfies y,~ (T, :) = yr give

1 B 2 Va2 Vo
2¢ |lye(T.) - yT“L2(sz) t3 ””s”Lz(Q) <5 [l ||2L2(Q> ’

from which the aforementioned inequality follows. We also get that the sequence
(u?) - is uniformly bounded in L*(Q) and thus admits a subsequence that converges
weakly in L2(Q) toward some . From (2), the sequence (y%) . is uniformly bounded
in some reflexive Banach space H and thus admits a subsequence that weakly
converges toward some y € . Taking the limit ¢ — 0 in the weak formulation
of (1) and using that u% — u, we obtain (up to a subsequence) that y% — y = y5.
Owingto (3), y%(T,-) — yr strongly in L?(Q) so that y;(T, -) = yr. The weak lower
semicontinuity of the L?—norm finally yields ||x]| 12(g) < liminf._,o ||u§|| 120) S
lu*|l 2 (@)» and the optimality of u* ensures that ||ul|2(o) = |u*||2(o)- Hence, u'is
an optimal solution to (P2). Any accumulation point (for the weak topology of L>(Q))
of (ug), is then an optimal solution to (P2). If (P2) has a unique optimal solution
u*, then u = u* and the whole sequence (u.), converges toward u*. The uniqueness
of the limit gives that lim inf; o lwell 20y = lime—o luill 2 o) = Nu*ll2(g)» and
then u, — u™ strongly. O

3 Time domain decomposition

A classical way to treat these two problems (P1) and (P2) is to derive the first-order
optimality system by applying the Lagrange multiplier approach. We can then obtain
the reduced optimality system for (P1),

Oy —kAy =v~'2 inQ, y=yo on X, s
GA+kAM=a(y-9) inQ, A=-y(y-9) onZr,
and the reduced optimality system for (P2),
&y—kAy=v'1 in s = on X, =0 on X7,
iy —kAy =v Q. y=Yo 0. Y T (52)

0 A+kA1 =0 in Q,
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where A is the adjoint state. We refer to [6, Chapter 3 Section 3.1] for further details
on the derivation of the reduced optimality system. We used the optimality condition
vu — A = 01in Q in both cases to eliminate the control variable u in the state equation
of y, and we omit the Dirichlet boundary conditions in (S1) and (S2). We also assume
that both problems (P1), (P2) are solvable. We are now interested in applying domain
decomposition methods to solve their associated optimality systems (S1) and (S2).

The alternating Schwarz algorithm, invented by H.A. Schwarz in 1869, is a
way to solve a large problem by decomposing the original domain into smaller
subdomains and then solving the problem on each subdomain one after another,
while exchanging information between interfaces until the solution converges. We
refer to [4] for a historical review. It is well known that the alternating Schwarz
algorithm fails to converge when applied to non-overlapping spatial subdomains.
This is due to the repeated passing of identical ”Dirichlet data” from one subdomain
to the other. However, it has been shown in [5] that there exist several variants
of the alternating Schwarz algorithm in the time decomposition framework, and
some of them may converge even without overlap. When decomposing in time
and applying non-overlapping alternating Schwarz type algorithms to the reduced
optimality system, a Dirichlet transmission condition at the time interface can be
equivalently rewritten as a Robin type transmission condition, e.g., see [5, Equation
4]. This avoids passing identical “Dirichlet data” between subdomains and thus
leads to the convergence. For this reason, we are interested here in studying the non-
overlapping time-decomposed alternating Schwarz algorithms to solve (S1) and (S2).
We decompose the space-time domain Q into two non-overlapping subdomains:
Q1 :=(0,T) xQand Q; := (I',T) x Q, where I" € (0, T) represents the interface.

The system (S1) has a forward-backward structure, where the state variable y
propagates forward with an initial condition y¢, and the adjoint variable A propagates
backward with a final condition —y(y(7,-) — (7, -)). To retain the same forward-
backward structure in subdomain @, one should impose a “final” condition at
the interface ¥r := {I'} x Q for the adjoint variable A. Similarly, one imposes
an “initial” condition at the interface X for the state variable y to have the same
forward-backward structure in Q,. We denote by ASI1 this first type of alternating
Schwarz algorithm which imposes A at Xr in Q1 and y at Zr in Q». Then, for the
iteration index € = 1,2, ..., the AS1 applied to solve (S1) reads

Bty'f - KAy'f = vflxlf in Oy, 6,y§ - KAyg = v’l/lg in 0s,
i = yo on X, s =i on X,

Al + kA = a(yE =)  inQy, 845 + kAL = (¥ - )  in 0, (S1-AS1)
af =5t onXr, AL+yyi=yP on 7.

For comparison, we also apply AS1 to solve (S2), which leads to the algorithm,
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3yt — kY =v7 120 inQy, Oryh — kAY5 =v71A5  in Qa,
¢ € _
=0 on X, = on Xr,
, y(]} y . yi M1 (S2-AS1)
04y + kAA] =0 in Qy, ¥, =0 on Xr
A8=27" onZr, 8l +kA =0 in Q.

We observe that in the first subdomain Q; on the left of the system (S2-AS1),
it does not follow the same structure as in (S2). Indeed, the system (S2) is also a
forward-backward system in which the initial and final conditions are all given for the
state variable y. Hence, to retain the same forward-backward structure of (S2) when
applying the alternating Schwarz algorithm, one should impose a final” condition
at the interface X for the state variable y in Q| and an “initial” condition at the
interface Xr also for y in Q5. This then leads to a second type of alternating Schwarz
algorithm denoted by AS2, which imposes y at Zr in both Q; and Q>. The AS2
applied to solve (S2) then reads

ay| —kAyy =v7'A{ inQy, 8:ys — kAYs =v'A5 in Qs
¢ e _
Y1 =Yo on X, Yy =Y on Xr,
e _ t-1 ¢ (S2-AS2)
Y1=2 on X, ¥, =0 on Xr
8L + kA2l =0 in 01, 8,25 + kAL =0 in 0,

which now follows the same structure as (S2) in both subdomains. For comparison,
we also apply AS2 to solve (S1), which leads to the algorithm,

g,y — kAyy = v in Q1, 9,y5 — kAy5 = v 144 in Q»,
¢ ¢ ¢
Y1 =Yo on X, Yy = on X,
¢ -1 ¢ ¢ £ (S1-AS2)
Y| =Yy on Xr, 0; 45 + kAd, = a(y, —y) in Oy,
af/lf'*”(A/lf =a(yf—j;) in 0y, /lg+’yy§ =vyy on X7.

To get better insights into these four algorithms (S1-AS1)-(S1-AS2), we need to
analyze their convergence. Since we focus here on the time domain decomposition,
we can then apply a discretization in space and replace the spatial operator —A
by a matrix A € RVXN e.g., using the centered finite difference discretization
in space. As we only have Dirichlet boundary conditions, this finite difference
matrix A is symmetric and can be diagonalized with PPT = Iy, PAPT = D :=
diag(d;,...,dn), and d; > 0,i = 1,..., N. For instance, the eigenvalues in the
one dimensional case (n = 1) are given by d; = % sinz(z(NLfrl)), i=1,...,N,
with & := L/(N + 1) the mesh size and L the length of the spatial domain. This
diagonalization leads to N independent 2 X 2 systems of first-order ODEs in time.

For each algorithm, solving the ODE system explicitly for each eigenvalue d;
first in Q) then in @, leads to a recursive relation between two iterates yg’l. =
p(d;) yg;.l, where yg’l.(t) ~ yg (t,x;) is an approximation after the discretization
and diagonalization in space, and p(d;) is the contraction factor associated with the
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eigenvalue d;. Each algorithm in (S1-AS1)-(S2-AS1) has an associated contraction
factor p(d;) for each eigenvalue d;, as will be shown in the sequel. The absolute
value of the factor |p(d;)| measures the contraction of each algorithm as a function
of d;, and the algorithm converges if this absolute value is smaller than one for
all eigenvalues, i.e., maxy, |p(d;)| < 1. More details of the diagonalization and
computations to obtain the contraction factor can be found in [5].

The contraction factor associated with (S1-AS1) for each d; is given by

a + y(oycoth (0y(T - T)) — «d;)
v(oy coth(oyT) + kd;) (o coth (0(T = T)) + «d; + yv=1)’

psy (di) = )
with oy = 1/KZdi2 + v~La. Similarly, the contraction factor of (S2-AS1) for each
eigenvalue d; is given by

coth (kd;(T -T)) -1

ASL 7y
P2 (di) coth(xdiT) +1 ©)

Setting @ = 0 in (4), we have

ASI coth (kd;(T -T)) — 1 Y
Ps1 (dy) = . (6)
=0 coth(kd;I") +1  vkd; coth (kd;(T —T)) + vkd; +y
Then, when y — oo, the second fraction goes to 1, thus lim, . p5°' (d;) .=
a=

pQZSI (d;), meaning that these two contraction factors become the same in the limit
case. Since this limit holds for each eigenvalue, we have the next result.

Theorem 2 If « = 0 in (Pl), then the convergence behavior of two algo-
rithms (S1-AS1) and (S2-AS1) becomes the same when y — oo.

In terms of two problems (P1) and (P2), when o = 0, or more generally, taking
a relatively small value of @ w.r.t. ¥ and v in (P1), it means that the discrepancy
between the solution y of the heat equation and the given target J is less important. In
this context, taking large values of y emphasizes that one searches for optimal control
strategies in (P1) that can pilot the solution of the heat equation to the target only at
the final time 7'. This is equivalent to the idea of the controllability problem (P2).
In this case, it is relevant that we also obtain similar convergence behavior when
applying the same type of alternating Schwarz algorithm to solve the corresponding
optimality system. In particular, their convergence does not depend on the choice of
the target function j in (P1), nor on the final condition y7 in (P2).

In terms of two algorithms (S1-AS1) and (S2-AS1), it has been shown in [5,
Theorem 1] that (S1-AS1) always converges for I < T//2 when & = 1. This still holds
for the algorithm (S2-AS1). Indeed, using two properties of the hyperbolic cotangent:
coth(x) > 1 and decreases for all x > 0, we find in (5) that coth(xd;(T —T")) <
coth(xd;I"). Thus, pQZSI (d;) < 1 for each d;, and the algorithm (S2-AS1) converges
for I < T/2. Given the analytical form of (5), a more precise choice of I" can be
made. This is done in the next theorem, whose proof is omitted for brevity.
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Theorem 3 Assume that I’ < ﬁ In %(1 + ez“lmi“T) where dpyi, is the smallest
min

eigenvalue of A. Then maxg, | p/S*g] (d;)| < 1 hence Algorithm (S2-AS1) converges.

In the one dimensional case with only Dirichlet boundary conditions, the small-
est eigenvalue is dmin = 75 sin’(57575) = Z—z -~ hZ% + O(h*). Note that for the
function f, lim,—o f(a) = 1/2 and lim,— f(a) = 1. We thus have the bound
% < ﬁ In %(1 + ¢2<dmnTy < T which also holds in higher dimensions, with
eigenvalues d; € (0,00),i = 1,...,N. On the other hand, the contraction fac-
tor (5) decreases as a function of d;, which is bounded above by pézsl (dmin)- The
convergence behavior then only depends on the smallest eigenvalue.

Following the same approach, we can solve the ODE systems associated
with (S2-AS2) and (S1-AS2) to find their contraction factors. For each d;, these
two contraction factors are p’S\fz(di) =1, and p?zsz(di) = 1. This is not surprising
because of the transmission conditions used in (S2-AS2) and (S1-AS2). For both
algorithms, we have y = y{=! on Erin 0y, and y4 = y¢ on Zr in Q5. For any given
initial guess yg, the same information is constantly passed back and forth between
two subdomains, solving the same problem at each iteration. Thus, both algorithms
stagnate. This does not depend on the eigenvalues or on any parameter values,
since these transmission conditions are imposed to decompose (S1) and (S2) at the
continuous level. Recall that these transmission conditions are the natural choice
to decompose the optimality system (S2), since we maintain the same structure in
both subdomains in (S2-AS2) as in the original optimality system (S2). This reveals
once again the importance of choosing properly the transmission condition in the
non-overlapping alternating Schwarz in time framework as discussed in [5].

4 Numerical experiments

To illustrate the convergence behavior of these alternating Schwarz algorithms, we
first plot the contraction factors (4) and (5) as functions of eigenvalues. We set @ = 1,
v=1,k=1,T = 1 and an equal decomposition with I = 7'//2. Fig. 1 on the top left
illustrates two contraction factors (4) and (5) for eigenvalues d; € [10_2, 102] and
different values of y € {1, 10, 10?}.

x10°°

[
e-ST-AST, 7 =1 10°% - & - o -g--a--a-
7-S1-AS1, ¢ 10 »

5%

0 ! 0 — ¢ —
102 10° 102 2 10 10? 10°

Eigenvalues d; Iteration Eigenvalues d;

Fig. 1 Left: contraction factors (4) and (5) as functions of eigenvalues d; € [1072,10%] with
different values of y. Middle: error decay of four algorithms (S1-AS1)-(S1-AS2). Right: contraction
factors for eigenvalues d; € [10, 103] with different values of y and «
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As expected, increasing the value of y in (4) leads to behavior more similar to that
of (5) for all eigenvalues. We also observe a slight difference in the range of d; = 1

between two curves p?zm and p23! with y = 102, due to the value @ = 1 in (4). Tak-

S1
ing @ = 0, the curve of p?fl | a=0 is then always below that of p?ZSI , since the second

fraction in (6) is always smaller than one. More generally, we observe that all con-
vergence factors are monotonically decreasing, and their values are especially small
for large eigenvalues. This indicates that both algorithms (S1-AS1) and (S2-AS1)
are good smoothers, and their convergence behavior for small eigenvalues can be
further improved by introducing a relaxation parameter.

Next, we test the error decay of four algorithms (S1-AS1)-(S1-AS2) in the one-
dimensional case. We keep the same setting as in the previous test and consider the
length L = 1, the initial condition yo(x) = #(1 — exp(7*T)) sin(nx), the target
function y(z,x) = 217 (exp(7%t) —exp(7*T)) sin(xx) in (S1), and the final condition
yr(x) = 0 in (S2). In particular, this target function is also the solution of the
optimality system (S2) with A(¢,x) = (exp(nt) — exp(n°T)/2) sin(7rx). We use the
Crank-Nicolson scheme to discretize both systems with mesh size h, = h, = 1/32.
Fig. 1 on the top right illustrates the error decay of four algorithms. As explained
in our theoretical analysis, both algorithms (S2-AS2) and (S1-AS2) stagnate as
pes? = pi5? = 1. Regarding algorithms AS1, we observe that the algorithm (S2-AS1)
converges faster than (S1-AS1) in the case @« = 1 and y = 1. However, when
increasing the value of y, the convergence of (S1-AS1) stays the same. Indeed, the
smallest eigenvalue in this case is approximately 72, and Fig. 1 on the bottom further

illustrates contraction factors for large eigenvalues. We observe that p‘S\2Sl is much

smaller in this case, and increasing y in p23! cannot track the behavior of p23!

s1 2 -
However, decreasing « in pg7! can better track the convergence behavior of pgs>!

S2 °
which has also been testified in Fig. 1 on the top right.
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