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1 Introduction

The atmosphere, ocean, and sea ice components in Earth system models (ESMs)
are coupled at the sea surface via boundary conditions. Standard coupling methods
correspond to a waveform relaxation (WR) algorithm stopped after one iteration [9].
We are interested in the numerical behavior of this algorithm, in particular how
its convergence depends on simulation parameters. For this we propose a coupled
toy model that captures the thermodynamics of atmosphere-ice-ocean coupling with
partial sea ice cover, as typical in ESMs.

This problem can be reduced to coupled heat equations with discontinuous ma-
terial parameters. There is an existing body of literature on heat equations coupled
with Dirichlet-Neumann or Robin-Robin interface boundary conditions. However,
the coarse grids used in ESMs directly affect the underlying modeling assumptions
and lead to the so-called bulk interface conditions [13]: One requires (a) that the flux
across the air-sea interface is continuous and (b) that its magnitude is proportional to
the difference in (near-)surface temperatures. The temperature discontinuity is due
to the fact that the turbulent surface layers at the interface are unresolved in ESMs.
Another consequence of the low resolution is that sea ice covers an averaged area
fraction of the sea surface, further affecting the interface boundary conditions.

Since bulk interface conditions are specific to ESMs, there are fewer results, but we
refer in particular to [2, 5, 13]. In terms of convergence analysis for the corresponding
coupling iteration, Clément [2, §6.B] studied a simplified (ice-free) atmosphere-
ocean model with bulk interface conditions, discretized in space. Lozano [7] did a
continuous convergence analysis for a coupled toy model with a fully ice-covered
ocean. Neither of these models reflects the partial sea ice cover typical in ESMs
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[4, 12]. In this paper, we bridge this gap with the continuous convergence analysis
of a coupled ocean-atmosphere model with arbitrary ice cover.

We derive and present the model in the next section and analytically obtain
convergence factors of the coupling iteration for the continuous problem in Sec. 3. In
Sec. 4, we compare them to a numerical implementation of the same model, allowing
us to study the impact of discretization parameters on iteration convergence.

2 Model Derivation

We assume the main thermodynamical process during a typical coupling window
7 = 1h to be the rapid temperature adjustment in the surface layers due to vertical
turbulence. This can be modeled as a diffusive process [2], resulting in two one-
dimensional heat equations on Qo = (hp,0),Q4 = (0, hy), with hp < 0 < hy:

0,T; — a;jOXT; = fi(t,z7) on (0,7] xQ;,
aZTj(tvz):gj(t) on (07T]X{h1}’ (1)
Tj(O,Z) = ﬁj(Z) on Qj.

The subscript j € {A, O} refers to the atmosphere and ocean, respectively. We
denote source terms by f;(t,z), boundary data by g;(¢), initial data by ¢;(z), and
the diffusivity by a;, cf. Fig. 1 (left).

The equations are coupled at the sea surface I', where z = 0. Without sea ice,
one uses bulk interface conditions, which follow from linearizing the so-called law
of the wall. They consist of a Robin and a Neumann condition:

ka0 Talr = Cao (Talr — Tolr) = Jao,
kod.Tolr = ka0 Talr,

with bulk coefficient C 4. Notably, they allow for a temperature jump across I'.
Seaice takes up an averaged area fraction a; € [0, 1] of I" and affects the boundary
condition seen by the atmosphere and ocean models:

ka0 Tl = arJar + (1 — ar) Jao,

2
kod.Tolr = arJio + (1 —ar)Jao. )

The atmosphere-ice and ice-ocean fluxes depend on the sea ice surface and bottom
temperatures 77 ¢ and 77 p, respectively:

Jar = Car (Talr = T15)»  Jio = Cio (T — Tolr) - 3)

See Fig. 1 for a depiction of this problem setup.
Ty s and Ty ;, are provided by a simplified sea ice model based on [10, App. A]. The
latter is constant and equal to the freezing temperature of seawater. 77 ¢ is computed



Analysis of Bulk Interface Conditions for Atmosphere-Ice-Ocean Coupling 707

from a surface energy balance: Its value is at most 0 °C and such that the conductive
heat flux inside ice is in balance with the net surface heat flux over ice:

o h,k(lz)TI,b + R+ Car Talr .
T; ¢ = min ,0°Ch.
’ k[/h](l‘)+B+CA]

“4)

Therein, the constants k; and R are the thermal conductivity of ice and incoming
radiation. B results from a linear approximation of the Stefan-Boltzmann law [11].

Ice thickness /;(f) evolves as a result of vertical growth and melt processes [ 10,
11], due to surplus heat at the surface and the turbulent heat flux below sea ice:

dh
—q1—= = R = BTy + Ja1(Ta, Tr.) — Ji0(To), )

dt
wherein ¢; is the latent heat of fusion. This process makes the model nonlinear (a
special case of the Chini equation [7]).
We now study the following sequential coupling iteration for the coupled toy
model that results from Egs. (1-5): Given initial guesses Tg,TIOS, compute for
k=1,2,...

T — @ad2TX = fa on (0,71 x Qa,

B B (6a)
kad:Tl- = arCar (TAk|r - Tzk,sl) +(1-ar)Cao (Tzﬂl" - Tp lir) ,
followed by
dhf k k k k-1
~q1—L = R= BT} + Car (T4l = T, ) + Cro (787"~ 1)
. . Z_;I‘Tl’b + R+ CA[ Tg‘r . (6b)
T, , = min 3 ,0°Cy,
> k[//’lI+B+CA1
and
0TS — @0d’Th = fo on (0,71 xQo,
(6¢)

-

koazTéh_ = aICIO (T[’[j - T£|F) + (1 - Cll) kAazTAk

with initial data 75 (0, z) = #(z), h¥(0) = ho, and boundary data 6ZTJ’F(t, hj) =
gj(t), j € {A,O}. Using the flux kAalef‘"r in Eq. (6¢) (and not T§|r) ensures
air-sea flux conservation in every iteration.

3 Linear Convergence Analysis of the Coupling Iteration

In this section, we derive the main analysis result for the iteration (6). We study the
decay of the coupling error in iteration k at the interface I,
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Fig. 1 Left: Sea ice has an area fraction aj and thickness A7 (¢) on I'. Right: Comparison of
analytically derived convergence factors.

e?(t’ Z) = T}((t? Z) - Tj(t’ Z),

where j can be A, O, or I,s. For linear iterations and infinitely large time windows
7 = oo, one can use the technique from, e.g., [3] to study the convergence factor in
Fourier space, i.e.,

, wER, @)

where éf (w, z) denotes the Fourier transform in time of ef (,z), assuming vanishing
Fourier coefficients for ¢ < 0. It is the same in all three subdomains and independent
of k.

Since the ice model (6b) is nonlinear, we consider a linearized version for the
analysis. By assuming %hl < hy during a coupling window, i.e., 7 (t) = ho, as
well as T ¢ < 0°C, the new ice model reads:

k ki
K R+CA1 TA|F+ hoTI»b
I,s — .

®)

k
h—:}+B+CA1

In particular, note that é;"s =Cay/(k;/ho + B+ Car) é’;\r.

Theorem 1 The convergence factor of the iteration (6) with linearized ice model (8)
for T~ = oo is given by

KA\ tanh(£4Viw)
N2 Voa »
arCard + (1 —ap)"Cao \%\/@tanh(fo\/@)—a,cm
o(w) = —— , )
‘/T’LA\/Ztanh(gA Via)) +a;Cay + (1 - a[)CAO
where c . 5
Al A o
{= £a = 0=

k b
h_f)+B+CAI

For a; = 0,a; = 1, we immediately obtain the following corollary:
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Corollary 1 The convergence factors for ice-free and fully ice-covered conditions
are given by
1

|% tanh(&4Viw) + 1|

tanh(é4 Viw)
tanh(éo Viw)

ka |ao
040 (w) = N,
o\ @A

(10)

and

{

kaviw —\|’
|1 + #‘%tanh (§A\/E)|

oar(w) = (11)

respectively.

Proof (Theorem 1). We study the coupling iteration of é';. (w, 7). By the Fourier
transform, we obtain from (6) and (8) that, given é?., we have fork = 1,2, ...

. Ak 2k _
iwéy —apd;é, =0,

5 5 ~k—1 5 ak—1
kad.ély r = arCai (efa'r -¢é |r) +(1=ar)Cao (eI/:'r - e’(‘) |F) ’
and
iwé — apdlel =0,
Sk N N
koazeoh_ = —a1C1060|F + (1 - al)kAazeAh_ ,

with homogeneous initial conditions and boundary data on 4, he.
A standard solution ansatz for the differential equations with boundary data at &
yields

&5 (w,2) = B (w) cosh ((h‘,- -2) iw/aj) :

with iteration-dependent coefficients ,Bf(w). The convergence factor in Fourier
space (7) thus reduces to:

& (w,0)

é’j\‘l(w, 0)

B (w)
BN (w)

o(w) =

We obtain ﬁf\(w) and ,Bg (w) from the interface boundary conditions (2):
B (w)arCard cosh(éaviw) + B (1 = ar)Cao cosh(£o Viw)
v%«/E sinh(é4Viw) + (a;Cas + (1 — a;)Cao) cosh(éaViw)
(1 - ap) gaNiwsinh(éaViw)
fT% Viw sinh(£0Viw) — a;Cro cosh(éoViw)

B (w) =

BE (w) = BX (w)

Inserting the second equation in the first and dividing by ,Bff{l gives the result. O



710 Valentina Schiiller, Philipp Birken, Hanna Kjellson

Table 1 Parameter values used for numerical examples.

Atm, Oce. fee Parameter  Value
h [m] 200 -50 1 C 3
@ [m2s71] 1.92x 1075 1.39x 1077 — CAO 182
k [J/Kms] 24x 1072 0.57 2.03 P 3620 /ms°C
At [s] 60 600 600 pe 3600's
Az [m] 1 1 —

Remark 1 In case of a fully ice-covered ocean (ay = 1), eg (w, z) = 0. This directly
follows from the fact that the sea ice bottom temperature 7; 5, is independent of k.

Remark 2 1f we consider the same model problem in ice-free conditions (a; = 0),
but with Dirichlet-Neumann conditions at the interface, i.e.,

k| _ k-1 k

Ty r— Ty |r’ kod:Tp,

= kad,T%

Ir -

the convergence factor is given by [2]

) ka [ao tanh (g&w/@) .
opn(w) = = [ — | ——F——|
ko N @a |tann (fo\/ﬁ)

Fig. 1 shows 040, 041, 0pN Over a range of frequencies w using typical param-
eters, cf. Tab. 1. In practice, tanh(fj\/E) ~ +1 and thus opn = kaJao/(kovaa)
near-constant. For low frequencies, oao = opn (i.e., it is mostly independent of
Cao0) and p4; = ¢ (which depends on C4y). Note in particular that { > opn. The
additional 1/Viw terms in 040 and o 4; manifest as a decay for high frequencies.

To estimate convergence in numerical simulations, we consider the range of
frequencies resolved after time discretization [3, 6]. Assuming a minimum solver
time step size of 60 s and a coupling window size 7~ = 1 h, one obtains the frequency
band [wWmin, Wmax] = [ﬁ, ﬁ], shaded in blue in Fig. 1. In this range, ps0 = 0pnN
and OAI ® g

4 Numerical Experiments

We now compare the continuous analysis results with a numerical implementation
of the iteration (6), with implementation choices motivated by the state of the art
in ESMs. One is free to pick discretization methods and grid sizes suitable for the
relevant physical scales in each component. We discretize all components using
cell-centered finite differences in space [5, Fig. 1b] and the implicit Euler method
in time. Components exchange boundary data averaged over the coupling window
[0, 7] (see [5] for a motivation). The simulation parameters are standard for climate
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Fig. 2 Dependence of the analytical and numerical convergence factors on ice area fraction (left),
ice thickness (middle), and bulk coefficients (right).

applications [7, 9] and given in Tab. 1. Our code is based on the open-source coupling
software ClimaCoupler.jl [1] and available at [8].
We compute the numerical convergence factor based on atmospheric data,

k K
”TA,F - TA’FHZ

4 A" 7k cRNa
k-1 K > A K
“TA,F - TA,F”2

Onum =

where Ny = 7 /At 4 is the number of time steps during a coupling window and K is
large enough to achieve convergence up to floating-point precision.

In Fig. 2 we compare the analytical and numerical convergence factors for varying
ice area fraction a;, initial ice thickness A, and bulk coefficients C 47, C a0 . Since the
analytical convergence factor o decreases monotonously in the resolved frequency
band, we choose to evaluate it at wyi, = 7/7 for the comparison. Much of the
numerically observed convergence behavior can be explained from the continuous
estimate, in particular the increase in onyy, for larger values of all investigated
parameters. Note however that the continuous factor tends to be larger than opym. The
difference is partly due to the coarse discretization: In the leftmost plot, we include a
result with reduced grid sizes (A¢/100, Az/10) to illustrate this. The disagreement is
smaller for a; # 0, which might be related to the lack of space discretization (errors)
in the ice model. For thin ice, the analysis result does not match the numerical
behavior; this is due to the linearization (8) where we assumed %hl < hy. They
agree much better if the code uses the linear ice model (8).

5 Conclusion

We have presented a continuous WR convergence analysis for a toy model of thermo-
dynamical atmosphere-ice-ocean coupling. Coarse discretizations in climate codes
affect the underlying model equations; we focus here on bulk interface conditions and
partial sea ice cover. They lead to qualitative differences in the convergence results
compared to standard conjugate heat transfer problems. Compared to Dirichlet-
Neumann WR, the analysis of bulk interface conditions yields a decay of the con-
vergence factor for high frequencies. Convergence of the iteration depends on the
ice area fraction nonlinearly. Numerical results illustrate the latter and show how
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the nonlinear ice thickness feedback and coarse grids further affect observed WR
convergence.
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