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1 Introduction

The atmosphere, ocean, and sea ice components in Earth system models (ESMs)
are coupled at the sea surface via boundary conditions. Standard coupling methods
correspond to a waveform relaxation (WR) algorithm stopped after one iteration [9].
We are interested in the numerical behavior of this algorithm, in particular how
its convergence depends on simulation parameters. For this we propose a coupled
toy model that captures the thermodynamics of atmosphere-ice-ocean coupling with
partial sea ice cover, as typical in ESMs.

This problem can be reduced to coupled heat equations with discontinuous ma-
terial parameters. There is an existing body of literature on heat equations coupled
with Dirichlet-Neumann or Robin-Robin interface boundary conditions. However,
the coarse grids used in ESMs directly affect the underlying modeling assumptions
and lead to the so-called bulk interface conditions [13]: One requires (a) that the flux
across the air-sea interface is continuous and (b) that its magnitude is proportional to
the difference in (near-)surface temperatures. The temperature discontinuity is due
to the fact that the turbulent surface layers at the interface are unresolved in ESMs.
Another consequence of the low resolution is that sea ice covers an averaged area
fraction of the sea surface, further affecting the interface boundary conditions.

Since bulk interface conditions are specific to ESMs, there are fewer results, but we
refer in particular to [2, 5, 13]. In terms of convergence analysis for the corresponding
coupling iteration, Clément [2, §6.B] studied a simplified (ice-free) atmosphere-
ocean model with bulk interface conditions, discretized in space. Lozano [7] did a
continuous convergence analysis for a coupled toy model with a fully ice-covered
ocean. Neither of these models reflects the partial sea ice cover typical in ESMs
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[4, 12]. In this paper, we bridge this gap with the continuous convergence analysis
of a coupled ocean-atmosphere model with arbitrary ice cover.

We derive and present the model in the next section and analytically obtain
convergence factors of the coupling iteration for the continuous problem in Sec. 3. In
Sec. 4, we compare them to a numerical implementation of the same model, allowing
us to study the impact of discretization parameters on iteration convergence.

2 Model Derivation

We assume the main thermodynamical process during a typical coupling window
T ≈ 1 h to be the rapid temperature adjustment in the surface layers due to vertical
turbulence. This can be modeled as a diffusive process [2], resulting in two one-
dimensional heat equations on Ω𝑂 = (ℎ𝑂, 0),Ω𝐴 = (0, ℎ𝐴), with ℎ𝑂 < 0 < ℎ𝐴:

𝜕𝑡𝑇𝑗 − 𝛼 𝑗𝜕2
𝑧𝑇𝑗 = 𝑓 𝑗 (𝑡, 𝑧) on (0,T] ×Ω 𝑗 ,

𝜕𝑧𝑇𝑗 (𝑡, 𝑧) = 𝑔 𝑗 (𝑡) on (0,T] × {ℎ 𝑗 },
𝑇𝑗 (0, 𝑧) = 𝜗 𝑗 (𝑧) on Ω 𝑗 .

(1)

The subscript 𝑗 ∈ {𝐴,𝑂} refers to the atmosphere and ocean, respectively. We
denote source terms by 𝑓 𝑗 (𝑡, 𝑧), boundary data by 𝑔 𝑗 (𝑡), initial data by 𝜗 𝑗 (𝑧), and
the diffusivity by 𝛼 𝑗 , cf. Fig. 1 (left).

The equations are coupled at the sea surface Γ, where 𝑧 = 0. Without sea ice,
one uses bulk interface conditions, which follow from linearizing the so-called law
of the wall. They consist of a Robin and a Neumann condition:

𝑘𝐴𝜕𝑧𝑇𝐴 |Γ = 𝐶𝐴𝑂 (𝑇𝐴 |Γ − 𝑇𝑂 |Γ) =: J𝐴𝑂,
𝑘𝑂𝜕𝑧𝑇𝑂 |Γ = 𝑘𝐴𝜕𝑧𝑇𝐴 |Γ ,

with bulk coefficient 𝐶𝐴𝑂. Notably, they allow for a temperature jump across Γ.
Sea ice takes up an averaged area fraction 𝑎𝐼 ∈ [0, 1] of Γ and affects the boundary

condition seen by the atmosphere and ocean models:

𝑘𝐴𝜕𝑧𝑇𝐴 |Γ = 𝑎𝐼J𝐴𝐼 + (1 − 𝑎𝐼 )J𝐴𝑂,
𝑘𝑂𝜕𝑧𝑇𝑂 |Γ = 𝑎𝐼J𝐼𝑂 + (1 − 𝑎𝐼 )J𝐴𝑂 .

(2)

The atmosphere-ice and ice-ocean fluxes depend on the sea ice surface and bottom
temperatures 𝑇𝐼,𝑠 and 𝑇𝐼,𝑏, respectively:

J𝐴𝐼 = 𝐶𝐴𝐼
(
𝑇𝐴 |Γ − 𝑇𝐼,𝑠

)
, J𝐼𝑂 = 𝐶𝐼𝑂

(
𝑇𝐼,𝑏 − 𝑇𝑂 |Γ

)
. (3)

See Fig. 1 for a depiction of this problem setup.
𝑇𝐼,𝑠 and𝑇𝐼,𝑏 are provided by a simplified sea ice model based on [10, App. A]. The

latter is constant and equal to the freezing temperature of seawater. 𝑇𝐼,𝑠 is computed
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from a surface energy balance: Its value is at most 0 ◦C and such that the conductive
heat flux inside ice is in balance with the net surface heat flux over ice:

𝑇𝐼,𝑠 = min

{ 𝑘𝐼
ℎ𝐼 (𝑡 )𝑇𝐼,𝑏 + 𝑅 + 𝐶𝐴𝐼 𝑇𝐴 |Γ
𝑘 𝐼/ℎ𝐼 (𝑡) + 𝐵 + 𝐶𝐴𝐼

, 0 ◦C

}
. (4)

Therein, the constants 𝑘 𝐼 and 𝑅 are the thermal conductivity of ice and incoming
radiation. 𝐵 results from a linear approximation of the Stefan-Boltzmann law [11].

Ice thickness ℎ𝐼 (𝑡) evolves as a result of vertical growth and melt processes [10,
11], due to surplus heat at the surface and the turbulent heat flux below sea ice:

−𝑞𝐼
𝑑ℎ𝐼

𝑑𝑡
= 𝑅 − 𝐵𝑇𝐼,𝑠 + J𝐴𝐼 (𝑇𝐴, 𝑇𝐼,𝑠) − J𝐼𝑂 (𝑇𝑂), (5)

wherein 𝑞𝐼 is the latent heat of fusion. This process makes the model nonlinear (a
special case of the Chini equation [7]).

We now study the following sequential coupling iteration for the coupled toy
model that results from Eqs. (1–5): Given initial guesses 𝑇0

𝑂
, 𝑇0
𝐼,𝑠

, compute for
𝑘 = 1, 2, . . .

𝜕𝑡𝑇
𝑘
𝐴 − 𝛼𝐴𝜕2

𝑧𝑇
𝑘
𝐴 = 𝑓𝐴 on (0,T] ×Ω𝐴,

𝑘𝐴𝜕𝑧𝑇
𝑘
𝐴

��
Γ
= 𝑎𝐼𝐶𝐴𝐼

(
𝑇 𝑘𝐴

��
Γ
− 𝑇 𝑘−1

𝐼,𝑠

)
+ (1 − 𝑎𝐼 )𝐶𝐴𝑂

(
𝑇 𝑘𝐴

��
Γ
− 𝑇 𝑘−1

𝑂

��
Γ

)
,

(6a)

followed by

−𝑞𝐼
𝑑ℎ𝑘

𝐼

𝑑𝑡
= 𝑅 − 𝐵𝑇 𝑘𝐼,𝑠 + 𝐶𝐴𝐼

(
𝑇 𝑘𝐴

��
Γ
− 𝑇 𝑘𝐼,𝑠

)
+ 𝐶𝐼𝑂

(
𝑇 𝑘−1
𝑂

��
Γ
− 𝑇𝐼,𝑏

)
,

𝑇 𝑘𝐼,𝑠 = min

𝑘𝐼

ℎ𝑘
𝐼

𝑇𝐼,𝑏 + 𝑅 + 𝐶𝐴𝐼 𝑇 𝑘𝐴
��
Γ

𝑘 𝐼/ℎ𝑘𝐼 + 𝐵 + 𝐶𝐴𝐼
, 0 ◦C

 ,
(6b)

and
𝜕𝑡𝑇

𝑘
𝑂 − 𝛼𝑂𝜕2

𝑧𝑇
𝑘
𝑂 = 𝑓𝑂 on (0,T] ×Ω𝑂,

𝑘𝑂𝜕𝑧𝑇
𝑘
𝑂

��
Γ
= 𝑎𝐼𝐶𝐼𝑂

(
𝑇𝐼,𝑏 − 𝑇 𝑘𝑂

��
Γ

)
+ (1 − 𝑎𝐼 ) 𝑘𝐴𝜕𝑧𝑇 𝑘𝐴

��
Γ
,

(6c)

with initial data 𝑇 𝑘
𝑗
(0, 𝑧) = 𝜗 𝑗 (𝑧), ℎ𝑘𝐼 (0) = ℎ0, and boundary data 𝜕𝑧𝑇 𝑘𝑗 (𝑡, ℎ 𝑗 ) =

𝑔 𝑗 (𝑡), 𝑗 ∈ {𝐴,𝑂}. Using the flux 𝑘𝐴𝜕𝑧𝑇
𝑘
𝐴

��
Γ

in Eq. (6c) (and not 𝑇 𝑘
𝐴

��
Γ
) ensures

air-sea flux conservation in every iteration.

3 Linear Convergence Analysis of the Coupling Iteration

In this section, we derive the main analysis result for the iteration (6). We study the
decay of the coupling error in iteration 𝑘 at the interface Γ,
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Fig. 1 Left: Sea ice has an area fraction 𝑎𝐼 and thickness ℎ𝐼 (𝑡 ) on Γ. Right: Comparison of
analytically derived convergence factors.

𝑒𝑘𝑗 (𝑡, 𝑧) := 𝑇 𝑘𝑗 (𝑡, 𝑧) − 𝑇𝑗 (𝑡, 𝑧),

where 𝑗 can be 𝐴, 𝑂, or 𝐼,𝑠. For linear iterations and infinitely large time windows
T = ∞, one can use the technique from, e.g., [3] to study the convergence factor in
Fourier space, i.e.,

𝜚(𝜔) :=

����� 𝑒𝑘𝐴(𝜔, 0)𝑒𝑘−1
𝐴

(𝜔, 0)

����� , 𝜔 ∈ R, (7)

where 𝑒𝑘
𝑗
(𝜔, 𝑧) denotes the Fourier transform in time of 𝑒𝑘

𝑗
(𝑡, 𝑧), assuming vanishing

Fourier coefficients for 𝑡 < 0. It is the same in all three subdomains and independent
of 𝑘 .

Since the ice model (6b) is nonlinear, we consider a linearized version for the
analysis. By assuming 𝑑

𝑑𝑡
ℎ𝐼 ≪ ℎ𝐼 during a coupling window, i.e., ℎ𝐼 (𝑡) ≈ ℎ0, as

well as 𝑇𝐼,𝑠 < 0 ◦C, the new ice model reads:

𝑇 𝑘𝐼,𝑠 =
𝑅 + 𝐶𝐴𝐼 𝑇 𝑘𝐴

��
Γ
+ 𝑘𝐼
ℎ0
𝑇𝐼,𝑏

𝑘𝐼
ℎ0

+ 𝐵 + 𝐶𝐴𝐼
. (8)

In particular, note that 𝑒𝑘
𝐼,𝑠

= 𝐶𝐴𝐼/(𝑘 𝐼/ℎ0 + 𝐵 + 𝐶𝐴𝐼 ) 𝑒𝑘𝐴
��
Γ
.

Theorem 1 The convergence factor of the iteration (6) with linearized ice model (8)
for T = ∞ is given by

𝜚(𝜔) =

�����𝑎𝐼𝐶𝐴𝐼 𝜁 + (1 − 𝑎𝐼 )2𝐶𝐴𝑂

𝑘𝐴√
𝛼𝐴

√
𝑖𝜔 tanh( 𝜉𝐴

√
𝑖𝜔)

𝑘𝑂√
𝛼𝑂

√
𝑖𝜔 tanh( 𝜉𝑂

√
𝑖𝜔)−𝑎𝐼𝐶𝐼𝑂

�������� 𝑘𝐴√
𝛼𝐴

√
𝑖𝜔 tanh(𝜉𝐴

√
𝑖𝜔) + 𝑎𝐼𝐶𝐴𝐼 + (1 − 𝑎𝐼 )𝐶𝐴𝑂

��� , (9)

where
𝜁 :=

𝐶𝐴𝐼
𝑘𝐼
ℎ0

+ 𝐵 + 𝐶𝐴𝐼
, 𝜉𝐴 :=

ℎ𝐴√
𝛼𝐴
, 𝜉𝑂 :=

ℎ𝑂√
𝛼𝑂

.

For 𝑎𝐼 = 0, 𝑎𝐼 = 1, we immediately obtain the following corollary:
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Corollary 1 The convergence factors for ice-free and fully ice-covered conditions
are given by

𝜚𝐴𝑂 (𝜔) =
𝑘𝐴

𝑘𝑂

√︂
𝛼𝑂

𝛼𝐴

����� tanh(𝜉𝐴
√
𝑖𝜔)

tanh(𝜉𝑂
√
𝑖𝜔)

����� 1��� 𝑘𝐴√𝑖𝜔
𝐶𝐴𝑂

√
𝛼𝐴

tanh(𝜉𝐴
√
𝑖𝜔) + 1

��� (10)

and
𝜚𝐴𝐼 (𝜔) =

𝜁���1 + 𝑘𝐴
√
𝑖𝜔

𝐶𝐴𝐼
√
𝛼𝐴

tanh
(
𝜉𝐴

√
𝑖𝜔

)��� , (11)

respectively.

Proof (Theorem 1). We study the coupling iteration of 𝑒𝑘
𝑗
(𝜔, 𝑧). By the Fourier

transform, we obtain from (6) and (8) that, given 𝑒0
𝑗
, we have for 𝑘 = 1, 2, . . .:

𝑖𝜔𝑒𝑘𝐴 − 𝛼𝐴𝜕
2
𝑧 𝑒
𝑘
𝐴 = 0,

𝑘𝐴𝜕𝑧𝑒
𝑘
𝐴

��
Γ
= 𝑎𝐼𝐶𝐴𝐼

(
𝑒𝑘𝐴

��
Γ
− 𝜁 𝑒𝑘−1

𝐴

��
Γ

)
+ (1 − 𝑎𝐼 )𝐶𝐴𝑂

(
𝑒𝑘𝐴

��
Γ
− 𝑒𝑘−1

𝑂

��
Γ

)
,

and
𝑖𝜔𝑒𝑘𝑂 − 𝛼𝑂𝜕2

𝑧 𝑒
𝑘
𝑂 = 0,

𝑘𝑂𝜕𝑧𝑒
𝑘
𝑂

��
Γ
= −𝑎𝐼𝐶𝐼𝑂𝑒𝑘𝑂

��
Γ
+ (1 − 𝑎𝐼 )𝑘𝐴𝜕𝑧𝑒𝑘𝐴

��
Γ
,

with homogeneous initial conditions and boundary data on ℎ𝐴, ℎ𝑂.
A standard solution ansatz for the differential equations with boundary data at ℎ 𝑗

yields

𝑒𝑘𝑗 (𝜔, 𝑧) = 𝛽𝑘𝑗 (𝜔) cosh
(
(ℎ 𝑗 − 𝑧)

√︃
𝑖𝜔/𝛼 𝑗

)
.

with iteration-dependent coefficients 𝛽𝑘
𝑗
(𝜔). The convergence factor in Fourier

space (7) thus reduces to:

𝜚(𝜔) =
����� 𝑒𝑘𝐴(𝜔, 0)𝑒𝑘−1
𝐴

(𝜔, 0)

����� =
����� 𝛽𝑘𝐴(𝜔)𝛽𝑘−1
𝐴

(𝜔)

����� .
We obtain 𝛽𝑘

𝐴
(𝜔) and 𝛽𝑘

𝑂
(𝜔) from the interface boundary conditions (2):

𝛽𝑘𝐴(𝜔) =
𝛽𝑘−1
𝐴

(𝜔)𝑎𝐼𝐶𝐴𝐼 𝜁 cosh(𝜉𝐴
√
𝑖𝜔) + 𝛽𝑘−1

𝑂
(1 − 𝑎𝐼 )𝐶𝐴𝑂 cosh(𝜉𝑂

√
𝑖𝜔)

𝑘𝐴√
𝛼𝐴

√
𝑖𝜔 sinh(𝜉𝐴

√
𝑖𝜔) + (𝑎𝐼𝐶𝐴𝐼 + (1 − 𝑎𝐼 )𝐶𝐴𝑂) cosh(𝜉𝐴

√
𝑖𝜔)

,

𝛽𝑘𝑂 (𝜔) = 𝛽𝑘𝐴(𝜔)
(1 − 𝑎𝐼 ) 𝑘𝐴√

𝛼𝐴

√
𝑖𝜔 sinh(𝜉𝐴

√
𝑖𝜔)

𝑘𝑂√
𝛼𝑂

√
𝑖𝜔 sinh(𝜉𝑂

√
𝑖𝜔) − 𝑎𝐼𝐶𝐼𝑂 cosh(𝜉𝑂

√
𝑖𝜔)

.

Inserting the second equation in the first and dividing by 𝛽𝑘−1
𝐴

gives the result. ⊓⊔
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Table 1 Parameter values used for numerical examples.

Atm. Oce. Ice

ℎ [m] 200 −50 1
𝛼 [m2 s−1] 1.92 × 10−5 1.39 × 10−7 —
𝑘 [J/Kms] 2.4 × 10−2 0.57 2.03
Δ𝑡 [s] 60 600 600
Δ𝑧 [m] 1 1 —

Parameter Value

𝐶𝐴𝑂 1.3
𝐶𝐴𝐼 1.82
𝐵 3.62 J/m2s◦C
T 3600 s

Remark 1 In case of a fully ice-covered ocean (𝑎𝐼 = 1), 𝑒𝑘
𝑂
(𝜔, 𝑧) ≡ 0. This directly

follows from the fact that the sea ice bottom temperature 𝑇𝐼,𝑏 is independent of 𝑘 .

Remark 2 If we consider the same model problem in ice-free conditions (𝑎𝐼 = 0),
but with Dirichlet-Neumann conditions at the interface, i.e.,

𝑇 𝑘𝐴

��
Γ
= 𝑇 𝑘−1

𝑂

��
Γ
, 𝑘𝑂𝜕𝑧𝑇

𝑘
𝑂

��
Γ
= 𝑘𝐴𝜕𝑧𝑇

𝑘
𝐴

��
Γ
,

the convergence factor is given by [2]

𝜚𝐷𝑁 (𝜔) =
𝑘𝐴

𝑘𝑂

√︂
𝛼𝑂

𝛼𝐴

�������
tanh

(
𝜉𝐴

√
𝑖𝜔

)
tanh

(
𝜉𝑂

√
𝑖𝜔

)
������� . (13)

Fig. 1 shows 𝜚𝐴𝑂, 𝜚𝐴𝐼 , 𝜚𝐷𝑁 over a range of frequencies 𝜔 using typical param-
eters, cf. Tab. 1. In practice, tanh(𝜉 𝑗

√
𝑖𝜔) ≈ ±1 and thus 𝜚𝐷𝑁 ≈ 𝑘𝐴

√
𝛼𝑂/(𝑘𝑂

√
𝛼𝐴)

near-constant. For low frequencies, 𝜚𝐴𝑂 ≈ 𝜚𝐷𝑁 (i.e., it is mostly independent of
𝐶𝐴𝑂) and 𝜚𝐴𝐼 ≈ 𝜁 (which depends on 𝐶𝐴𝐼 ). Note in particular that 𝜁 > 𝜚𝐷𝑁 . The
additional 1/

√
𝑖𝜔 terms in 𝜚𝐴𝑂 and 𝜚𝐴𝐼 manifest as a decay for high frequencies.

To estimate convergence in numerical simulations, we consider the range of
frequencies resolved after time discretization [3, 6]. Assuming a minimum solver
time step size of 60 s and a coupling window size T = 1 h, one obtains the frequency
band [𝜔min, 𝜔max] =

[
𝜋

1 h ,
𝜋

60 s
]
, shaded in blue in Fig. 1. In this range, 𝜚𝐴𝑂 ≈ 𝜚𝐷𝑁

and 𝜚𝐴𝐼 ≈ 𝜁 .

4 Numerical Experiments

We now compare the continuous analysis results with a numerical implementation
of the iteration (6), with implementation choices motivated by the state of the art
in ESMs. One is free to pick discretization methods and grid sizes suitable for the
relevant physical scales in each component. We discretize all components using
cell-centered finite differences in space [5, Fig. 1b] and the implicit Euler method
in time. Components exchange boundary data averaged over the coupling window
[0,T] (see [5] for a motivation). The simulation parameters are standard for climate
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Fig. 2 Dependence of the analytical and numerical convergence factors on ice area fraction (left),
ice thickness (middle), and bulk coefficients (right).

applications [7, 9] and given in Tab. 1. Our code is based on the open-source coupling
software ClimaCoupler.jl [1] and available at [8].

We compute the numerical convergence factor based on atmospheric data,

𝜚num =
∥𝑇 𝑘
𝐴,Γ

− 𝑇𝐾
𝐴,Γ

∥2

∥𝑇 𝑘−1
𝐴,Γ

− 𝑇𝐾
𝐴,Γ

∥2
, 𝑇 𝑘𝐴 ∈ R𝑁𝐴 ,

where 𝑁𝐴 = T/Δ𝑡𝐴 is the number of time steps during a coupling window and 𝐾 is
large enough to achieve convergence up to floating-point precision.

In Fig. 2 we compare the analytical and numerical convergence factors for varying
ice area fraction 𝑎𝐼 , initial ice thickness ℎ0, and bulk coefficients𝐶𝐴𝐼 , 𝐶𝐴𝑂. Since the
analytical convergence factor 𝜚 decreases monotonously in the resolved frequency
band, we choose to evaluate it at 𝜔min = 𝜋/T for the comparison. Much of the
numerically observed convergence behavior can be explained from the continuous
estimate, in particular the increase in 𝜚num for larger values of all investigated
parameters. Note however that the continuous factor tends to be larger than 𝜚num. The
difference is partly due to the coarse discretization: In the leftmost plot, we include a
result with reduced grid sizes (Δ𝑡/100,Δ𝑧/10) to illustrate this. The disagreement is
smaller for 𝑎𝐼 ≠ 0, which might be related to the lack of space discretization (errors)
in the ice model. For thin ice, the analysis result does not match the numerical
behavior; this is due to the linearization (8) where we assumed 𝑑

𝑑𝑡
ℎ𝐼 ≪ ℎ𝐼 . They

agree much better if the code uses the linear ice model (8).

5 Conclusion

We have presented a continuous WR convergence analysis for a toy model of thermo-
dynamical atmosphere-ice-ocean coupling. Coarse discretizations in climate codes
affect the underlying model equations; we focus here on bulk interface conditions and
partial sea ice cover. They lead to qualitative differences in the convergence results
compared to standard conjugate heat transfer problems. Compared to Dirichlet-
Neumann WR, the analysis of bulk interface conditions yields a decay of the con-
vergence factor for high frequencies. Convergence of the iteration depends on the
ice area fraction nonlinearly. Numerical results illustrate the latter and show how
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the nonlinear ice thickness feedback and coarse grids further affect observed WR
convergence.
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