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1 Introduction

Eddy current formulations are widely employed for low-frequency applications in
which the electric energy plays no major role but Ohmic losses and the magnetic
energy need to be considered [3, Sec. 1.2]. Therein, induction heating and levita-
tion/braking devices are presented, but other applications such as induction machines
or power loss in transformers [10] are possible as well. For transient startup responses
and nonlinear or even hysteretic behavior, simulations in the time-domain are nec-
essary. These are inherently time-consuming, which, in particular, motivates the use
of domain decomposition methods. Eddy current problems can be approached using
different formulations and also various discretization schemes as well as domain
decomposition methods. Here, we focus on the 𝐴∗-formulation [6], discretize the
corresponding weak formulation with isogeometric analysis (IGA) [5] and introduce
a dual-primal tearing and interconnecting (IETI-DP) approach following the original
FETI-DP idea from [7]. Conceptually, we consider our IETI-DP method as an exten-
sion of the classical FETI-DP [7] to IGA, which allows treating application-oriented
problems without introducing geometric approximation errors. In this context, a
tree-cotree decomposition is employed to consistently gauge insulating regions, as
in demonstrated [9] for magnetostatics. A similar FETI-DP investigation was carried
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out in [12], where they use a mixed 𝐴-Φ-formulation in frequency-domain. In com-
parison, our work features an extension to the time-domain, investigates scalability
and discusses the necessary consistency conditions on interfaces between conduct-
ing and insulating regions. This paper is structured as follows. First, in Sec. 2, the
eddy current formulation, including mortaring-based TI coupling, is discussed in
the continuous and discrete sense. Then, the dual-primal concept and our tree-cotree
approach are explained in Sec. 3. At last, a numerical experiment for verification and
a closer investigation of scalability indicators is carried out in Sec. 4.

2 Eddy Current Formulations

Following [3], we assume that the eddy current problem in an open, bounded and
simply-connected domain Ω ⊂ R3 is given as

∇ × (𝜈𝑩) = 𝜎𝑬 + 𝑱, (1)
∇ × 𝑬 = −𝜕𝑡𝑩, (2)
∇ · 𝑩 = 0, (3)

for every time 𝑡 ∈ I = (0, 𝑇). In (1)-(3), 𝑩 : Ω × I → R3 is the magnetic flux
density, 𝑬 : Ω×I → R3 the electric field strength and 𝑱 : Ω×I → R3 a prescribed
current density acting as a source. To preserve conciseness, we focus on linear
material, but note that nonlinear behavior can be modeled as a simple extension of
the approaches discussed in this treatise. Accordingly, the reluctivity 𝜈 : Ω → R+ is
uniformly bounded, i.e., 0 < 𝜈min ≤ 𝜈 ≤ 𝜈max, while the conductivity is only given
as 𝜎 : ΩC → R+ in open and connected ΩC ⊂ Ω with 0 < 𝜎min ≤ 𝜎 ≤ 𝜎max. In the
remaining, insulating part ΩI = Ω \ΩC, we assume 𝜎 = 0 and write Γ = 𝜕ΩC ∩ 𝜕ΩI
for the interfaces shared by conductor and insulator. Let its normal vector 𝒏Γ point in
the direction ofΩI. Furthermore, we assume that perfect electric conductor boundary
conditions (PEC), i.e., 𝑬 × 𝒏 = 0, on all of 𝜕Ω, with 𝒏 being the outward-pointing
normal, are given. To solve (1)-(3), we use the 𝐴∗-formulation [6], for which one
defines a vector potential 𝑨 : Ω × I → R3 such that

𝑩 = ∇ × 𝑨 and 𝑬 = −𝜕𝑡𝑨. (4)

Consequently, we obtain the potential equation

∇ × (𝜈∇ × 𝑨) + 𝜎𝜕𝑡𝑨 = 𝑱, (5)

by inserting (4) in (1). Note that the PEC condition is typically expressed as 𝑨×𝒏 = 0
on 𝜕Ω and for all 𝑡 ∈ I. This corresponds to a homogeneous Dirichlet boundary
condition. Inhomogeneous boundary conditions can be incorporated by using a
classical homogenization technique, which we do not discuss in detail here. At last,
we assume that an appropriate initial condition 𝑨(x, 𝑡 = 0) = 𝑨0 (x) is given. But
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this is not enough for (5) to be uniquely solvable. As 𝜎 vanishes in ΩI, a solution can
be modified with a gradient field in ΩI while still satisfying (5). We deal with this
using a tree-cotree decomposition and dual-primal TI, which is explained in Sec. 3.

2.1 Weak Problem

In the following, we use the notation〈
𝑼,𝑽

〉
Ω𝑖

=
∫
Ω𝑖

𝑼 · 𝑽 dV,
〈
𝑢, 𝑣

〉
Ω𝑖

=
∫
Ω𝑖

𝑢𝑣 dV,
〈
𝜼, 𝜻

〉
Γ =

∫
Γ
𝜼 · 𝜻 dV,

for 𝑖 ∈ {C, I}. Let the classical function spaces 𝐻1 (Ω𝑖) and 𝐻 (curl,Ω𝑖) be given.
Then, we can further define the local spaces equipped with Dirichlet boundary
conditions as

W𝑖 = {𝑼 ∈ 𝐻 (curl,Ω𝑖) | 𝑼 × 𝒏 = 0 on 𝜕Ω𝑖 ∩ 𝜕Ω} .

Using these, we can express our mixed mortar formulation for eddy current problems
as: Find 𝑨C ∈ WC, 𝑨I ∈ WI and 𝝀 ∈ M such that〈

𝜎𝜕𝑡𝑨C,𝑽C
〉
ΩC

+ 𝑎C (𝑨C,𝑽C) + 𝑏 (𝝀,𝑽C) =
〈
𝑱C,𝑽C

〉
ΩC

, ∀𝑽C ∈ WC, (6)

𝑎I (𝑨I,𝑽I) − 𝑏 (𝝀,𝑽I) =
〈
𝑱I,𝑽I

〉
ΩI
, ∀𝑽I ∈ WI, (7)

𝑏 (𝝁, 𝑨C − 𝑨I) = 0, ∀𝝁 ∈ M, (8)

for every time step 𝑡 ∈ I. Note that

𝑎𝑖 (𝑨𝑖 ,𝑽𝑖) =
〈
𝜈𝑖∇ × 𝑨𝑖 ,∇ × 𝑽𝑖

〉
Ω𝑖

and 𝑏 (𝝀,𝑽𝑖) =
〈
𝝀, 𝒏Γ × 𝑽𝑖 × 𝒏Γ

〉
Γ

for 𝑖 ∈ {C, I} and that we followed [4] for the underlying structure of (6)-(8) and
refer to it for more information on the multiplier space M.
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Fig. 1 Global tree-cotree splitting (left) and consistent, local gauging (right).
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2.2 Discrete Problem

In the following, we employ a so-called method of lines approach, in which a semi-
discrete problem is derived by discretizing in space first before employing a time-
stepping scheme. For the discretization, we employ the IGA framework explained in
[11], i.e., we use spline-based, edge-element basis functions𝒘 (𝑖)

𝑗 , for 𝑗 ∈ {1, . . . , 𝑛𝑖},
which span the space S𝑖 ⊂ W𝑖 . We further require that SC and SI are conforming, i.e.,
have pairwise matching basis functions, on Γ. To approximate 𝝀 ∈ M, we assume
that a biorthogonal basis

span
(
𝝍 𝑗

)𝑚
𝑗=1

⊂ M s.t. 𝑏
(
𝝍 𝑗 ,𝒘

(𝑖)
𝑘

)
= 𝛿 𝑗𝑘 , 𝑘 ∈ J (𝑖)

Γ , 𝑗 ∈ {1, . . . , 𝑚} (9)

is given, where card(J (𝑖)
Γ ) = 𝑚 for the indices J (𝑖)

Γ of all basis functions with
non-vanishing support on Γ. Note that the biorthogonality in (9) is valid for both SC
and SI at the same time, because the spaces are conforming. As a consequence, the
coupling reduces to a combination of restriction matrices R𝑖 of size 𝑚 × 𝑛𝑖 . These
are Boolean matrices and contain only one entry per row which effectively selects
certain DOFs. We define the matrices

(K𝑖) 𝑗𝑘 = 𝑎𝑖

(
𝒘 (𝑖)
𝑘 ,𝒘 (𝑖)

𝑗

)
, (MC) 𝑗𝑘 =

〈
𝜎𝒘 (C)

𝑘 ,𝒘 (C)
𝑗

〉
ΩC

, (j𝑖) 𝑗 =
〈
𝑱𝑖 ,𝒘

(𝑖)
𝑗

〉
Ω𝑖
,

using 𝑗 , 𝑘 ∈ {1, . . . , 𝑛𝑖} and obtain all tools to represent (6)-(8) as[
M 0
0 0

] [ ¤a
¤m
]
+
[
K B⊤

B 0

] [
a
m

]
=

[
j
0

]
. (10)

Therein, we assume a(𝑡) ∈ R𝑛C+𝑛I and m(𝑡) ∈ R𝑚 for every 𝑡 ∈ I as well as

M =

[
MC 0
0 0

]
, K =

[
KC 0
0 KI

]
, B =

[
RC −RI

]
, j =

[
jC
jI

]
.

Finally, we choose the implicit Euler method as our time-stepping scheme, for which
the iteration scheme, given a constant step size Δ𝑡, is expressed as[

W Δ𝑡B⊤

Δ𝑡B 0

] [
a(ℓ+1)

m(ℓ+1)

]
=

[
f (ℓ+1)

0

]
(11)

using W = M + Δ𝑡K and f (ℓ+1) = Ma(ℓ ) + Δ𝑡j(ℓ+1) . The superscript •(ℓ ) refers to
time step 𝑡ℓ , for which we employ ℓ ∈ {0, . . . , 𝑛t} such that 𝑡0 = 0 and 𝑡𝑛t = 𝑇 .
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3 Domain Decomposition and Tree-Cotree Gauging

As in [9] for magnetostatics, we employ the IETI-DP principles in (11), which implies
a splitting of a(ℓ+1) into three different parts. First, a part a(ℓ+1)

e which is eliminated
from the system (gauge or Dirichlet conditions). Therefore, we have the primal DOFs
a(ℓ+1)

p , which are coupled strongly. The remaining DOFs are denoted as a(ℓ+1)
r . We

assume that no coupling constraints between a(ℓ+1)
p and a(ℓ+1)

r exist. Then, we can
split B into the diagonal blocks Brr and Bpp with corresponding multipliers mr and
mp. The primal constraints associated with mp are eliminated by using a matrix
N that represents the kernel of Bpp, i.e., N prescribes one value 𝑝 (ℓ+1)

𝑘 for each
group of coupled primal DOFs. Consequently, we can express the strong coupling
as a(ℓ+1)

p = Np(ℓ+1) and reformulate (11) to obtain


Wrr WrpN Δ𝑡B⊤

rr
N⊤Wpr N⊤WppN 0
Δ𝑡Brr 0 0



a(ℓ+1)

r
p(ℓ+1)

m(ℓ+1)
r

 =


f (ℓ+1)
r − Wrea(ℓ+1)

e

N⊤
(
f (ℓ+1)
p − Wpea(ℓ+1)

e

)
0

 . (12)

For parallelization, the typical dual-primal approach employs two sequential Schur
complements. For details, we refer to [7]. Here, we focus on the DOF splitting
for which we carry out a tree-cotree decomposition as in [9]. The basic idea is to
construct a tree on the underlying (control) mesh and to eliminate the DOFs belonging
to the tree to gauge the system [2]. As in [9], the tree is constructed globally on the
wirebasket first, before it is extended into the subdomain faces and at last into the
subdomain interiors. A challenge arises because only the subproblem in ΩI can be
gauged as WI = Δ𝑡KI is singular, while WC = MC + Δ𝑡KC is non-singular. In other
words, we need to eliminate all tree DOFs from ΩI, but not from ΩC. Consequently,
we need to be careful on Γ because, to remain consistent, coupled tree DOFs from
ΩI cannot be determined arbitrarily, but they have to take the corresponding value
from ΩC. A remedy to this is to select the tree DOFs on Γ as primal, i.e., to select
them as a(ℓ+1)

p . A sketched visualization for the tree construction and the consistent
gauging is provided in Fig. 1. Accordingly, all Dirichlet DOFs and all tree DOFs
in the interior of ΩI are selected as a(ℓ+1)

e . Note that this elimination can entail the
aforementioned homogenization procedure for inhomogeneous Dirichlet boundary
conditions. All DOFs that remain (cotree on Γ and ΩI, all DOFs in the interior of
ΩC) are selected as a(ℓ+1)

r , which yields a non-singular Wrr.

4 Numerical Experiments

To construct an analytically solvable test problem, for which our implementations
are available at [8] and based on GeoPDEs [11], we prescribe the solution
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𝑨 = 𝑒−𝑡


sin(𝑥) cos(𝑦) cos(𝑧)
−2 cos(𝑥) sin(𝑦) cos(𝑧)

cos(𝑥) cos(𝑦) sin(𝑧)

 ⇒ 𝑩 = ∇ × 𝑨, 𝑬C = −𝜕𝑡𝑨C, (13)

where we only use 𝑬C because it is only uniquely defined in ΩC. From (13), we
derive appropriate homogenized boundary, source and initial terms on Ω = (0, 1)3

for 𝑡 ∈ (0, 1). The interface Γ = {𝑥 = 0.5, 𝑦, 𝑧 ∈ (0, 1)} splits Ω into ΩC (for
𝑥 < 0.5) and ΩI (for 𝑥 > 0.5) with 𝜈C = 𝜈I = 1 and 𝜎 = 1. Using the errors 𝜖𝑬
for 𝑬C and 𝜖𝑩 for 𝑩 as defined in [1, p. 141], we expect to observe the bounds
𝜖𝑬 = O(ℎ𝑝+𝑛−1

t ) and 𝜖𝑩 = O(ℎ𝑝+𝑛−1
t ) with mesh size ℎ and number of time steps

𝑛t. This is verified by the results in Fig. 2a-2d. TI methods have two main indicators
for scalability. First, the number of iterations required to solve the interface problem
for which we observe a dependency on both ℎ and 𝑛t in Fig. 2e and Fig. 2f. Note
that we employed a Dirichlet preconditioner without scaling and that we computed
the mean number of iterations over all time steps. Here, we can only state that the
linear increase with decreasing ℎ is not optimal for TI methods because optimal
growth would be related to the condition number bound O((1 − log(ℎ))2), as stated
in [7]. The second indicator, plotted in Fig. 2g, is the number of primal DOFs which
clearly depends on ℎ. This behavior is not optimal for scalability but is expected
because all tree DOFs on the interface are selected as primal. Therefore, the number
of primal DOFs is related to the configuration of the interface mesh (of vertices and
edges), which is, in turn, linked to the mesh size ℎ. Our Matlab implementation is
not parallelized, but we measured the computational time of our algorithm to give
an intuition of the performance. For 𝑛𝑡 = 25, 𝑝 = 3 and ℎ = 2−3, which corresponds
to 7260 DOFs in a(ℓ+1) , the total computational time is about 10 s on a laptop. For
the provided example, we expect no relevant, parallel speed-up because we only
consider two subdomains and the scalability indicators are not behaving optimally.

5 Conclusion and Outlook

The goal of this paper is to present a way to introduce a TI method for 3D eddy
current problems in time-domain. This entails coupling of conducting ΩC and non-
conducting ΩI regions consistently while enabling parallel solving of local problems
in each region. To obtain this using the tree-cotree decomposition, we analyzed that
selecting the tree DOFs on Γ as primal is essential. The approach satisfies classical
convergence bounds but is not optimal in regard to the typical scalability indicators
without techniques or modifications that further improve performance. For future
improvements of this approach, we recommend investigating scaling and deflation in
the Dirichlet preconditioner or other preconditioning techniques. Furthermore, the
tree DOFs on the interface need to be deselected as primal while preserving local
non-singularity of subdomain system matrices.
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Fig. 2 Measurements for numerical experiments with PCG tolerance 𝜖 = 10−6.
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