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1 Introduction

Parareal is a Parallel-in-Time algorithm. Such algorithms have been designed to
introduce parallelism in the time dimension, which seems unintuitive at first glance
as time is a sequential dimension. Parareal is usually analyzed as an iterative method,
but in early Parareal papers [10, 1], the algorithm is viewed as a one step method
over the entire time interval. Using this approach, and with the right hypotheses, we

show that Parareal is a Runge-Kutta scheme.

Consider a general time-dependent problem with f : R X R” — R” such that the

problem is well-defined,

du(t)

o f(t,u(r)) forte (0,7), u(0)=ug.

Such a problem can be solved numerically using a Runge-Kutta scheme.

Definition 1 An s-stage Runge-Kutta method is given by

k; f(t,,+c,-At,un+Ath.:1a,~jkj), i=1,...,s,
N

Up+l = Uy +Athiki ,
i=1

for coeflicients a;;, b;, c; € R.
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A common practice is to summarize the coefficients of the method in a Butcher
table as follows:

Now, assume that we want to parallelize the numerical solution to (1) using N
processors. For this, we partition the domain (0, T') into N equal intervals, and assign
each interval to a processor. We call such intervals Parareal intervals and denote
by ¥ the application of the numerical solution over a Parareal interval, e.g. several
steps of a Runge-Kutta method. Since time is sequential, each processor has to wait
for the preceding processor to finish its computations before starting their own.

To overcome this limitation, we define G to be an operator that approximates 7
but that is much cheaper to compute, such as a single Backward Euler step. The
operator G is applied sequentially to give an approximation of the numerical solution
at the beginning of each Parareal interval, from which each processor can compute
a solution using # in parallel. This results in the Parareal algorithm [10]:

1. Set u’(; =ugfork =0,...,K, with K being the number of iterations.
2. Compute u? = g(ug_l) forn=1,...,N.
3. Correctuk = T(uﬁ:})+g(uﬁ_l)—g(u’n‘j) forn=1,...,Nandk=1,...,K.

The operator ¥ is often defined as multiple steps of a Runge-Kutta method using
a small time-step. A typical way to define G is to use a lower-order Runge-Kutta
method and/or a method with a larger time-step. In that case, the operators F
and G are Runge-Kutta methods because they are the composition of Runge-Kutta
methods [3]. The following theorem explains how to compute their Butcher table.

Theorem 1 (Composition of RK methods, as presented in (12.4) in [8]) Let A, b
and ¢, and A’, b’ and ¢’ be the coefficients of two Runge-Kutta methods. Let 1 be a

vector of all ones. The Butcher table of the composition of the two methods is given
by

c A 0
BT +¢'|167 A )
| bT b/T

Example 1 The Butcher table for Backward Euler (BE) is given by

11
T 3)

Assume that Parareal is used with # being 4 steps of the Backward Euler scheme
and G being a single step of it. So, the table in (3) is also the Butcher table of G. To
compute the Butcher table for 7, one needs to apply Theorem 1 recursively,
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1110
BE?:2[11
11

The Butcher table of BE* is given with respect to At, the fine time step, however
the Butcher table of 7 needs to be given with respect to AT = 4At the size of the
Parareal interval. For this, the table of BE* needs to be normalized by dividing every
coefficient by 4. Thus, the Butcher table of ¥ is given by

1/4]1/40 0 0
2/4|1/41/40 0
3/4|1/41/41/40
1 |1/41/41/41/4

(/4 1/4 1/4 1/4

2 Parareal as a Runge-Kutta Scheme

Assuming that the fine and coarse operators, ¥ and G, in Parareal are Runge-Kutta
methods, we show what this implies for the algorithm.

Let (Af,by,cy) and (Ag, by, cg) be the coefficients of the fine and coarse meth-
ods used in Parareal with Ay € R%*57, A, € R%*%s and s = 57 + s,.

Denote by I,, the n X n identity matrix, I, the n X n lower shift matrix and L,
a strictly lower triangular n X n matrix filled with ones. Denote by 1,, the vector of
size n of all ones and ¢!, the i-th basis vector of size n.

Theorem 2 If the fine and coarse solvers in Parareal are chosen to be consistent
Runge-Kutta methods, then, for a fixed number of iterations K > 1, Parareal is
also a Runge-Kutta method where the coefficients of its Butcher table are given
by A€ R(K+1)Ns><(K+l)NS, b,C c R(K+1)Ns with

AZIK+1®P+FK+1®C, b=e§1}®bp+e§+l®bc, C=1K+1®Cpr0g,
and
bp =1y @b . bred = 10:b] .
bc =1y ®bcorr, beorr = [by;—bg] .
P=Iy®A;+ Ly ®Bp, szlsb;red, AS:diag(Af,Ag).
C =Ly ®Bc, Bc = lsbgorr.

cprog = tn ® 1y + 1y ® ¢y, cs = [cricels v =1[0,1,...,N-1]".
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When K = 0, the coefficients (A, b, ¢) reduce to the N-fold composition of the coarse
method (Ag,bg,cg).

Proof. Notice that for k£ > 0, ug = uy is a degenerate case of a Runge-Kutta method.
Let us proceed by induction on the iteration k. For k = 0,

Uy =Gu, )= =G"(uo) .

From Theorem 1, as the composition of Runge-Kutta methods G" is a Runge-Kutta
method for n > 1. Its Butcher table can be computed by applying Theorem 1
recursively.

Now assume that for k > 1, ufl is a Runge-Kutta method for all n € {0,...,N}.
We want to show that #X*! is a Runge-Kutta method for all n. For this, we proceed
by recurrence on n. For n = 0, u{*' is a Runge-Kutta method. Assume that u*!
is a Runge-Kutta method and let us show that u**1 is one too. For this, recall the

n+l
Parareal iteration formula,
k+1 k k+1 k
unil = 7—-(un) + g(un+ ) - g(un) .

Since, ¥ (u¥), G(u¥) and G(uk*') are Runge-Kutta methods there exist coeffi-
cients b{, k'l.f’k, b%, kig’k, k‘f’k+1 such that

Sf
Fuf) =ul+ AT blK"

i=1

Sg
Guf) =ul + AT ) bSKE"
i=1

Sg
and  Guf™) =uft + AT ) bERST
i=1

Then,

Sg

Sf 2 Sg
ubil =k + AT Y BTk w4 AT Y BERE —uk - AT Y bERS
i=1 i=1

n+l =
i i=1 i
Sf Sg Sg
=uft AT Y bl AT D ERE T AT ) bERSE
i=1 i=1 i=1
As uk*! is a Runge-Kutta method by assumption, then u**! is also a Runge-Kutta
method. When writing the following coefficients explicitly, we get the Butcher table

given in the statement of the theorem. O

Remark 1 The assumption that the fine and coarse solvers in Parareal are consistent is
not necessary for the proof. However, one needs to ensure that the Butcher tables of 7
and G are normalized to the same time step, that is, requiring that b}lsf = b;ls »
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cr|As
Cg Ag
Cz|Ag 11+¢ 1! A
11+cg|lb] A ! 4
" 81 glgT 11+cg 1b§ Ag
+eg|lbg 1bg Ag 2A+cy| b 1] Af
(b7 b, b, §
g g g 21 +cg 1b1g 1b1g A§
Iteration O by by by
Iteration 1 — fine propagation
crlAr
Cg Ag
11 +Cyr lb; Af
11+cg b, Ag
21+Cf lb$ lb; Af
2A+cg| 6] B, A,
Cg Ag
T T T
M+cy 1b4- _lbé’F ) . lbé’F AJ;
21 +cyg lef —leg lef —leg , , leg leg Af
b. -b, b} -by b} ~by b, b, b,
Iteration 1
cs| As
W +cs|Bprea As
21 +Cs Bpred Bpred AS
Cs As
11 +cs|Beorr Bpred As
21 +Cs Bcnrr Bcnrr Bpred Bpred Ax
Cg As
11 +Cs Bcorr Bpred AS
21 +Cy Bcorr Bcorr Bpred Bpred As
T T T T T T
bcorr bcorr bcorr bpred bpred bpred

Iteration 2

Table 1 Example of the construction of the Butcher table for Parareal with N = 3. Note that
iteration 2 uses the notation from Theorem 2 for simplicity. Note that 21 is a vector of all twos as it
is the product of the vector 1 with the scalar 2.

Table 1 shows the iterations O, 1 and 2 of the general Parareal Butcher table
with N = 3 Parareal intervals. At iteration 2, we can see the block structure described

in Theorem 2.

3 Reduction of Butcher Tables

Notice that Butcher tables are

not unique, indeed two Butcher tables can lead to two

methods that give the same approximate solution (up to numerical round-off error
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considerations). For analysis purposes, it is useful to know how to reduce a Butcher
table.

Two criteria exist to reduce Butcher tables. For simplicity, we present them here
as principles, for formal definitions see [4, Definition 2] and [11, Definition 3.2.5].

1. DJ-reducibility: if a stage does not influence the final solution, it can be removed.
2. S-reducibility: if we can compute a stage with less computations, we should do it.

Example 2 The following three methods reduce to the Crank-Nicolson method.

010 0 O 0j0 0 0
1/2|1/4 1/4 0 111/21/2 0
1720 172 111720 12
120 172 172 1/4 1/4

Crank-Nicolson method DJ-reducible method S-reducible method

The first is the Crank-Nicolson method as usually presented. The second is a
method that DJ-reduces to the Crank-Nicolson scheme. Indeed, the second stage is not
used by any of the other stages or the final approximation though the coefficients b;.
The third, S-reduces to the Crank-Nicolson scheme as its second and third stage do
the same computation. We can thus sum the second and third columns and remove
the third line.

An important property of Parareal that we will use to reduce its Butcher table is
its finite-time convergence property which states that, at each iteration, we get the
exact solution on one additional Parareal interval.

Theorem 3 (Parareal finite-time convergence, Theorem 2.4 in [6]) The Parareal
algorithm has the property that

uk = F"(ug), fork=n.

We can now explain how to reduce the Butcher table of Parareal.

Proposition 1 Consider Parareal with a fixed number of iterations K with the final
approximation being uﬁ, then the stages related to uﬁ where k > n can be S-reduced
to stages related to u", and all stages u* with n — k > N — K can be DJ-reduced.

Proof. By the finite time convergence property of Parareal, u” = uX for k > n and
thus, as the stages related to uX are the same as the stages related to u”, they can be
S-reduced.

By the Parareal iteration formula, the computation of uﬁ depends on uﬁ_l
and uﬁj Iterating this formula, we have that uﬁ depends on uX for k < K and
for n —k < N — K. Thus, all the stages related uft with n — k > N — K can be
DJ-reduced as they do not contribute to the computation of ug. O
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Example 3 In Table 2, we present the reduced general Butcher table for Parareal
with N = 3 Parareal intervals and K = 0, 1, 2, 3 iterations. Notice that for K = 3, we
obtain the Butcher table of the N-fold composition of the fine method with itself as
predicted by the finite-time convergence property of Parareal.

crlAf
Cg Ag
11+ cf lb;— Af
Cg| Ag +cg| 15 Ag
11+ cqilbg Ag d4cy| b, 1b] Af
21 + cg|1bg 1bg A, 21+ ¢, 1b] 16] Ag
(b by b T
g g “g 11+ cg lbf Ag
Iteration O 2+ ce lb; lb; _lbgT lb:gr Ag
b} b} ~bg bJI ~bg by by
Iteration 1
crlAr
Cg Ag
11+ cr lb; Af
I1+cg|  1b] Ag sl As
11+Cf lb; Af ]1+Cf lb; Af
11+ ¢ [167 Ag 21 +cp[1bT 16T Ag
A+cplbl  1b] -1b]  1b] Ag Bl Bl by
U+cg|lb] 167 -1b)  1b] A, .
21+ cq lb; lb; Ag Iteration 3
T T T T T
bf bf bf —bg bg

Iteration 2
Table 2 Reduced Butcher tables of Parareal for with N = 3 Parareal intervals and for iterations
K =0 thought K = 3.

Example 4 Table 2 can be used to check the order conditions for Parareal using one
step of the Implicit Midpoint rule (order 2) and one step of Backward Euler (order 1)
as the fine and coarse operators in Parareal. The corresponding coefficients are given
by (Ag,by,cp) =(1/2,1,1/2) and (Ag, by, cg) = (1,1, 1).

The order conditions for the first three orders are given by: 71 = 1 (order 1),
bTA1 = 1/2 (order 2), b7 (Al - A1) = 1/3 and bTAA1 = 1/6 (order 3). At
iteration K = 0,571 = 1 but bT A1 = 3/4. AtiterationK = 1,671 =1,bTA1 =1/2
but 5T (A1- A1) =5/16 and b AA1 = 3/16. So, in that case, the order increases by
one at each iteration as described in [10, Proposition 1].
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4 Discussion

Current research on the development of Parareal focuses on choosing coarse opera-
tors to accelerate the convergence of the algorithm [5, 7, 9, 14]. Our new result allows
us to take advantage of the numerous results that exist for Runge-Kutta methods and
apply them to Parareal to better understand the algorithm. The knowledge acquired
that way can inform the design of better Parareal-like algorithms. Some ideas in that
direction can be found in [2, 12, 13].

The code to construct the Butcher table of Parareal is available at:
https://gitlab.unige.ch/Ausra.Pogozelskyte/parareal-as-runge-kutta. Two ex-
amples in parareal-as-runge-kutta/scripts/ verify numerically that classic
Parareal and the Butcher table approach numerically yield the same solution and
demonstrates how one can compute the order of Parareal as in Example 4.
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