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1 Introduction

We consider the following general convex variational problem with a linear con-
straint:
mi‘r/l F(v) subjectto Bv=g, @)
ve

where V and W are finite-dimensional real vector spaces equipped with inner products
(-, -) and associated norms || - ||, B: V — W is a surjective linear operator, F: V — R
is a differentiable convex functional, and g € W. Let u € V denote a solution to (1).
Problems of the form (1) are ubiquitous in science and engineering; for examples
arising from partial differential equations (PDEs), see [2, 12, 15].

A widely used approach for solving (1) is the augmented Lagrangian method [5],
which is presented in Algorithm 1.

Algorithm 1 Augmented Lagrangian method for solving (1)
Given € > 0:
Choose p© e W.
forn=0,1,2,... do

1
u™*Y = arg min {F(v) +(p"™,Bv-g)+—|Bv- g||2} , (2a)
veV 2e
p(n,+1) — p(n) + e_l(Bu("+1) _g) (2b)
end for
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In the quadratic case, that is, when the functional F is given by
1
F(v):E(Av,v)—(f,v), vevV, 3)

for some symmetric positive definite (SPD) linear operator A: V — Vand f € V, it
was shown in [8, 13] that the convergence rate of Algorithm 1 becomes arbitrarily
fast as € — 0. In this sense, the constrained optimization problem (1) reduces to
the unconstrained one (2a), which becomes nearly singular when € < 1. Since the
systematic construction of e-robust subspace correction methods for nearly singular
problems was proposed in [13], there has been significant progress in solving (1)
using e-robust domain decomposition and multigrid methods applied to the nearly
singular problem (2a) [12, 19].

More recently, in [15], the arbitrarily fast convergence of Algorithm 1 was es-
tablished for the general convex optimization problem (1) under an assumption that
F* o (=B") is strongly convex, where F*: V — R denotes the Legendre—Fenchel
conjugate of F. This result suggests a new strategy for designing domain decom-
position and multigrid methods for solving (1) via the nearly semicoercive problem
(2a), since e-robust subspace correction methods for nearly semicoercive problems,
which generalize the results of [13, 19] to the convex case, were developed in [11].

In this paper, we study the augmented Lagrangian method (Algorithm 1) in more
detail. While the arbitrarily fast convergence of Algorithm 1 was established in [15]
by observing its equivalence with the proximal point method [18] applied to a dual
problem [6] of (1), we show here that Algorithm 1 is also equivalent to the gradient
descent method applied to a dual problem of an augmented formulation of (1).
This provides an alternative analysis for its arbitrarily fast convergence rate. For
completeness, we also review the relevant existing results in detail.

The rest of this paper is organized as follows. In Section 2, we present the quadratic
case considered in [14]. In Section 3, we address the general convex case by studying
its equivalence with the proximal point method, discussed in [15]. In Section 4,
we provide an alternative analysis based on equivalence with the gradient descent
method. In Section 5, we discuss the numerical solution of the primal subproblems
of the augmented Lagrangian method and the connection to domain decomposition
and multigrid methods.

2 Quadratic case

We first consider the special case of quadratic optimization, i.e., the functional F
in (1) is given by (3). It is straightforward to observe that (1) is equivalent to the
following linear saddle-point problem:
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where B': W — V denotes the adjoint of B. We define the Schur complement
S: W —Was
S=BAT'B. )

The augmented Lagrangian method given in Algorithm 1 reduces to the following
form when applied to (4):

u™D = (A+e'B'B)(f+e 'B'g- B p™),
(nel) _ () _ -1 (n+1) n20.
p =p" —€ (g—-Bu""),

This iteration is equivalent to the Richardson method with step size e~! applied to
the linear system (see, e.g., [3])

Se=B(A+¢ 'B'B)"'B,
Sep =de, where , 1 1 (6)
de =B(A+e 'B'B)" (f+€ 'B'g)—g.

Therefore, it suffices to estimate the error propagation operator I — €~!S, for the
Richardson iteration associated with (6) [16].
In what follows, we summarize the argument presented in [14]. For any g € W,

(S'q.q) = inf  ((A+e 'B'B)o,v)
veV, Bv=q

= inf (Avo)+e'(q.9)="q.9)+e(q.9), D)
veV, Bv=q

where the first and last equalities follow from the auxiliary space lemma [16]. Hence,
Sl=5"1+el

We note that a similar result appeared in [9]. Consequently, we obtain the following
sharp estimate for the error propagation operator I — ™' S,:

€

Il - G_ISEH = Amax (1 — 6_1Sf) =1- E_l/lmin(SE) - m

Therefore, the convergence rate of the augmented Lagrangian method becomes
arbitrarily fast as € tends to zero.

3 Characterization as a proximal point method

In [15], the arbitrarily fast convergence of the augmented Lagrangian method for
solving (1), which generalizes the result in Section 2, was established by observing its
equivalence with the proximal point method [18]. While this result follows directly
from the dualization framework introduced in [6], we include the details here for
completeness.
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We begin by recalling the key features of Fenchel-Rockafellar duality [17], which
establishes a duality relation between two convex optimization problems. Consider
the minimization problem

I;)Iéi‘l/l {F(v) + G(Bv)}, ®)

where B: V — W is a linear operator and F: V — R and G: W — R are convex
functionals. We also consider the following minimization problem:

min {F'(~B'q) + G"(q)} - ©

We refer to (8) as the primal problem and to (9) as the dual problem. Under mild
assumptions (see, e.g., [6]), for instance, if

H(q) := inf {F(v) + G(Bv + q)}

is subdifferentiable at ¢ = 0 (see also [6, Remark 2.6]), then, if u € V solves (8) and
p € W solves (9), the following primal—dual relations hold:

—-B'p € 0F (u), Bu € G*(p). (10)

One may refer to [17, Corollary 31.2.1] for a detailed derivation of (10).
Now, we regard the constrained problem (1) as the primal problem (8). More
precisely, we rewrite (1) in the equivalent form

min{F(v) + x{g}(Bv)},
veVvV
where y () : W — Ris the indicator function that takes the value O when its argument

equals g and oo otherwise. Thus, the problem fits into the framework of (8) with
G = x{g}- The corresponding dual problem (9) then becomes

min {F*(=B'q) + (8.9)} - (1

The proximal point method [18] for solving (11) is described in Algorithm 2.

Algorithm 2 Proximal point method for solving (11)
Given € > 0O:
Choose p©@ e W.
forn=0,1,2,... do

n : * € n
p"* ) = argmin {F* (=B'q) + (3.9) + = Ip - p™ 117} (12)
qeW 2

end for
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If we interpret the subproblem (12) in Algorithm 2 as the dual problem (9), then
the corresponding primal problem is given by

1
min {F(v) +(Bo—q,p™) + =—|[Bv - qllz} ;
veV 2e

which coincides with (2a). If we denote the solution of this problem by u**!)| then
the primal—dual relation (10) yields (2b). This establishes the equivalence between
the augmented Lagrangian method and the proximal point method, as summarized
in Lemma 1.

Lemma 1 The augmented Lagrangian method presented in Algorithm 1 is equiv-
alent to the proximal point method presented in Algorithm 2 in the sense that they
generate the same sequence {p™}.

The convergence analysis of the proximal point method is well known [1, Exam-
ple 23.40]. Combining this result with Lemma 1, we obtain the following convergence
theorem for the augmented Lagrangian method. We note that the assumption on the
strong convexity of F* o (—B") is satisfied, for example, when F is smooth and B is
surjective; see [4, Section 3.3] for the relationship between the smoothness of F and
the strong convexity of F*.

Theorem 1 In (1), suppose that F* o (—B") is u-strongly convex. Then, for the
augmented Lagrangian method presented in Algorithm 1, we have

(n+1) _ < €
pll < e

I Ilp™ ~pll, nxo0.

Remark 1 In the special case (4), we have u = Apin(S), where S was defined in (5).

The convergence rate for the primal sequence {™)} can also be derived; see [15,
Theorem A.4] for details.

4 Characterization as a gradient descent method

Although the convergence analyses for the quadratic and general convex cases pre-
sented in Sections 2 and 3 yield the same convergence rate -, their derivations
differ: in the quadratic case, we used the equivalence of the augmented Lagrangian
method with the Richardson iteration applied to (6), while in the general convex
case, we exploited its equivalence with the proximal point method for solving the
dual problem (11). In this section, we present an alternative convergence analysis
for the general convex case, which directly generalizes the analysis of the quadratic
case in Section 2.

Observe that the problem (1) is equivalent to the following augmented problem:

min F¢ (v) subjectto Buv =g, (13)
vevV
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where € > 0 and !
F.(v) = F(v) + 2—||Bv —gl>, veV.
€

By invoking Fenchel-Rockafellar duality, the dual problem associated with (13) is
given by
min {Ee(q) = Fe(=B'q) + (8. )} - (14)

By the inverse property of subdifferentials given in [6, Equation (2.7)], for any
w, z € V, we have

VF.(w)=z © VF()=w <& z=agmin{F(@) - (w,v)}.
vevV
A related result can also be found in [10, Lemma 3.3]. This shows that Algorithm 1
is equivalent to the gradient descent method with step size e !, presented in Algo-
rithm 3, applied to (14). We summarize this equivalence in Lemma 2.

Algorithm 3 Gradient descent method for solving (14)

Given € > 0:
Choose p©@ e W.
forn=0,1,2,... do

p") = p™ — e"'VE(p™)

end for

Lemma 2 The augmented Lagrangian method presented in Algorithm 1 is equiva-
lent to the gradient descent method presented in Algorithm 3 in the sense that they
generate the same sequence {p™}.

From the definition of the Legendre—Fenchel conjugate, we can derive the fol-
lowing identity, which generalizes the auxiliary space lemma introduced in [16] to
the convex setting (see also [1]):

F*(q) = F*(-B'q), where F(q)= B’ijrzlqu(v). (15)
Hence, similarly to (7), we obtain, for any g € W,
(FZo(-B")"(q) = Bli)f:lfq Fe(v)
= it F@)+ 5 llg+ 8l = (o (B (q) + ol + gl (16)

where the first and last equalities follow from (15). Using the well-known relationship
between smoothness and strong convexity, we deduce that E ., defined in (14), is
e-smooth, which ensures the convergence of Algorithm 3 [4]. Furthermore, (16)
implies the following equivalence:
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F* o (-B') is u-strongly convex & (F* o (-=B'))*is u~!

& (F:o(=B")"is (u™' + e )-smooth,

-smooth,

& E.is (u' + e 1)~ Lstrongly convex.

Having established the strong convexity and smoothness properties of E., the
convergence rate of Algorithm 3 follows from the standard convergence theory of the
gradient descent method (see, e.g., [4]), leading to a result analogous to Theorem 1.

Remark 2 The discussion in this section also indicates an equivalence between
Algorithms 2 and 3. More generally, one may consider the connection between the
gradient descent method and the proximal point method. Such an equivalence indeed
holds, as discussed in [7, Section 7].

5 Nearly semicoercive primal subproblems

The discussions so far indicate that the augmented Lagrangian method achieves arbi-
trarily fast convergence as the parameter € becomes small. Consequently, in practical
implementations, the efficient solution of the primal subproblem (2a) becomes the
most critical component of the overall algorithm. Since the operator B generally
has a nontrivial kernel, the subproblem (2a) becomes nearly semicoercive [11] as
€ — 0. In the special quadratic case, the problem becomes nearly singular [13],
causing the condition number to blow up, i.e., grow rapidly as € tends to zero, and
leading standard iterative solvers to perform poorly. Therefore, e-robust numerical
strategies are essential for maintaining computational efficiency.

In [13], it was shown that subspace correction methods [20] based on a stable

space decomposition
J

J=1

where each V; is a subspace of V, converge robustly with respect to € provided that
the decomposition satisfies

J
N=>(V;AN), where N =kerB. (17)
j=1

In particular, domain decomposition and multigrid methods designed to respect the
kernel decomposition (17) exhibit uniform convergence independent of € [12, 19].

More recently, the theory of e-robust subspace correction methods was extended
to general convex variational problems in [11]. This generalization holds under
additional but mild assumptions on the solution spaces and problems, which are
typically satisfied for a broad class of PDE models. As an illustrative example, [15]
presents an application to the Darcy—Forchheimer flow, a nonlinear system of PDEs
describing fluids in porous media.
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In summary, the characterization of arbitrarily fast convergence of the augmented
Lagrangian method for convex variational problems presented in this paper, com-
bined with the development of e-robust subspace correction methods in [11], offers
a new theoretical and computational perspective for designing efficient domain de-
composition and multigrid solvers for large-scale nonlinear variational problems.
Future research directions include the application of these ideas to a wider range of
nonlinear PDEs and variational formulations arising in complex physical systems.
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