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1 Introduction

The literature on the Navier-Stokes problem is abundant. We only cite here a few
books almost entirely devoted to this problem, [1], [2], [3] and [4]. Other books
contain chapters dealing with various aspects of the problem. In [5], for example,
the time-dependent problem is approached from the point of view of nonlinear
semigroups. However, to our knowledge, a systematic analysis of the Uzawa and
Arrow—Hurwicz methods or their variants is lacking in the literature, even though
they are the main numerical methods used to solve the Stokes and Navier-Stokes
problems. We tried to overcome this gap in [6] and [7] in the case of the saddle point
problems, therefore for Stokes problems as well.

In this paper we adapt to the nonhomogeneous case the algorithm that has been
introduced in [3], page 218, for the resolution of the homogeneous Navier-Stokes
problems. In the next section, we write the nonhomogeneous Navier-Stokes problem
in a form suitable for the analysis of the Uzawa algorithm and prove or recall results
that will be helpful in proving the convergence of algorithm. In Section 3, the Uzawa
algorithm is defined for a more general than the usual form of the Navier-Stokes
problem, the incompressibility condition being replaced by a variational inequality.
The convergence theorem has two parts. We first analyze the convergence of the
algorithm without considering that the inf-sup condition is satisfied and we obtain
that the velocity strongly converges and the pressure is weakly convergent. Next, we
introduce the inf-sup condition and prove that both the velocity and the pressure are
strongly convergent and write explicit formulas for their convergence rates.
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2 Framework for the nonhomogeneous Navier-Stokes problem

For a given bounded domain € in RY, d < 4, witha Lipschitz continuous boundary
I', we consider the following nonhomogeneous Navier-Stokes problem: find the
velocity u and the pressure p satisfying

—vAu+ Y u.,-g—; +gradp =finH 1 (Q)

. . (D
divau=0inQ, u=gonl

where v is the viscosity of the fluid, f € H™'(Q) and g € H'/?(I') such that
fr g - n = 0, where n is the unit exterior normal along I'. From Theorem 3.5 of [2],
page 32, we get that g can be extended on entire € such that

gcH' (Q)anddivg=0inQ )
We write @t = u — g, and then problem (1) reads

. . o0 L~ o i P
—vAu+Zj.’:1ung‘;+Z?:1uj67gj+Z?=1gjg—;+gradp=f1nH Q)
divai=0inQ, a=0onT"

3)

where f = f + vAg — Z?:] gjaa_fj'

For any u, v, w € H'(Q), we denote
d
a(u,v) = VZ / grad u; - grad v;, b(w,u,v) =
i=1 /¢

and define the variational formulation of problem (3) as: find @ € H(l)(Q) and
pE L%(Q) such that

a(d,v) +b(4,a,v) +b(8,g,v) +b(&,0,v) — (p,div v);2(q)
= (f,v) for any v € H(l)(Q) @)
(g, div (@));2(q) = Oforany g € Lg(Q)

We know (see Theorem 3.7 of [2], page 35) that, in case of our choice of spaces,
there is a constant 8 > 0 for which the inf-sup condition

R divv);»
inf sup (a @) >pB (6)
€L} (@) ven! (@) IVlar@119]L2(@)

is satisfied. Also, from Lemma 2.1 of [2], page 114, it follows that there exists N' > 0
such that

b(w,u,v) < NWilgi (o) [ulgi o) 1Vl o forany w,u,v e H(Q)  (7)
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Now, let us define d : H)(Q) x Hj(Q) x H} (Q) — R by
dw,u,v) =a(u,v) +b(w,u,v) + b(u,g,v) + b(g,u,v) ®)
and let D : Hj(Q) — £ (H} (), H™(Q)) be defined as
((Dw)(uw),-) = a(u,-) + b(w,u,-) + b(u,g,-) + b(g,u,") )

Using these notations, we have

Lemmal Letw e H(l)(Q) such that div(w) = 0 and let us assume that
v
16(v, 8 V)| < 5 [Vlip g Jor any v € Hy(Q) (10)

where g € H' (Q) satisfies (2) and gives the boundary value of the nonhomogeneous
Navier-Stokes problem (1). Then the bilinear form ((Dw)-, -) is uniformly elliptic on
Hj(Q)

0 ’

v
{((DW)(V),Vv) > §|V|ﬁ,(g) forany v € H(l)(Q), (11)
and is invertible. Besides that, for any wi; wy € H(l)(Q), we have
[IDW1 = DWal| (w1 () 1-1(0)) < NIWi = Wallgq) (12)

Proof. Equation (11) follows from (10), from the ellipticity of the bilinear form a,
a(v,v) > v|v|> and from b(w, v, v) = b(g,v,v) = 0, since div w = div g = 0. From
the ellipticity property (11) of Dw and the Lax-Milgram lemma, we get that Dw is
invertible. From the definition of Dw and (7), for any v, u € H(l)(Q), we have

(((Dwy) = (Dw2))(u), V) = b(W; — W2, 1, V)

13
< N1Iwi = wallat e |1Vl 1t o 10l (13)

for any wy; wy € H(l)(Q), i.e., (12) holds true. O

Condition (10) has been introduced in [3], see Theorem 1.6, page 178. For d < 4
we can write (7) as

b(w,g,v) < N||Wllg (@ I8lL@) [IVlla (@) (14)
for any w,v € H'(Q) and g € L*(Q)

Therefore, condition (10) supposes that the norm of g in L*(Q) can be chosen
sufficiently small. Using the above notations, Navier-Stokes problem (5) can be
written as: find @t € HJ(Q) and p € LZ(Q) such that

((Dd)(1), v) + (grad p,v) = (£, v) forany v € H}(Q) (15)
(div@,g)2q) =0forany g € L%(Q) (16)
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where L3(Q) 5 p - grad p € H™'(Q) is taken in the sense of distributions. Now,
to prove the existence and uniqueness of the solution of this problem, using condition
(10) and Lemma 1, we can follow a similar way as in the proof of Theorem 2.5 in
[2], page 118. We get that if %\(Hﬂhﬁ (@) < 1, is satisfied, then problem (15)-(16)
has a unique solution (@, p) € H{(Q) X L(Q). Also, in view of (11) and (15), we
get
- 2 02
I1allm, @) < ;||f||H4(sz) (I7)

and using (9) and (17), we have,

o 2 A
DO £ (mi ) m1)) S VN ;“f”H*](Q) +2|lglln) (18)

3 Uzawa algorithm for a more general problem

Since the sequence of u” obtained from the Uzawa algorithm does not satisfy
anymore condition b(d",v,v) =0 forv e Hé (Q), it is proposed in [3], page 205, to
replace b(w, u, v) by

7 _1vd vd du; 1yvd vd avi

b(w,u,v) =3 Xicy Zjai /gwja_;jvi — 3 251 251 Ja Wja_;j“i

for any w,u, v € H)(Q)
It is easy to see that

b(w,u,v) = b(w,u,v) for any w,u,v € H(l)(Q) anddivw =0

b(w,v,v) = 0forany w,v € H)(Q)
and therefore, the results of the previous section hold true if we consider b (w,u,v)in
the place of b(w, u, v) and consider the operator D : Hj(Q) — £ (H}(),H™'(Q))
defined by

(Dw)(u),-) = a(u,-) + b(w,u,-) + b(u,g,-) + b(g,u,-)
in the place of the operator D defined in (9).

Since the operator D does not need the incompressibility condition to satisfy the

properties of D in the previous section, we consider the Uzawa algorithm associated
with a more general problem than the Navier-Stokes problem defined in (15)-(16),

(D) (1), v) + (grad p,v) = (£, v) for any v € H(l)(Q) (19)

(grad (¢ — p),a) <Oforany g € K (20)

where K is a closed convex set of L(Z)(Q). We assume that this problem has at least a
solution (u, p) € H(])(Q) x K, the component u being unique.

Letus consider a linear symmetric operator S : L2(Q) — L2(Q)" whichis L2()-
elliptic and continuous, i.e., there exist o-, 7 > 0 such that

1lgll72 ) < (5(a).q) and [IS@112(qy < Tlldll2(q) forany ¢ € Li(Q) (21)
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where L%(Q)/ is the dual space of L%(Q). The inner product and the norm associ-
ated with S are denoted by (p, g)s = (Sp,q) and ||p||s = (p,p);/2 for any p, g €
L%(Q), respectively.

We write the Uzawa algorithm associated with problem (19)-(20) as: we start with
arbitrary 4° € Hj(Q) and p® € K and at iteration n + 1, n > 0, having 4" € H)(Q)
and p" € K we find 0"*! € H}(Q) and p™*' € K by solving

o e HY(Q) : (D) (6™*1), v) + ( grad p",v) = (£, v)
forany v € H(l)(Q)

pt e K (S(p™h),q - p™!) 2 (S(p™).q - p")+
p{grad (g — p"*),6"*) forany g € K

(22)
(23)

where p is a positive constant which will be chosen later on.

Theorem 1 Let (G, p) € H(l)(Q) X Lg(Q) be a solution of problem (19)-(20) and
(a", p") € H(l)(Q.) X LS(Q), n > 1, are obtained from algorithm (22)-(23). We
assume that

4N 4
p<nv|l-—Ilfllu-1 @ (24)
4

holds. Then,

a) if we assume that the inf-sup condition (6) does not hold, then 0" — 1 as
n — oo, strongly in H})(Q), and any subsequence of (p™), contains a subsequence
(p™)n, and there exists a p € L(Z)(Q) such that p™ — p as np — oo, weakly in
L(Z)(Q). If problem (19)-(20) has a unique solution, then (4, p),

b) if we assume that the inf-sup condition (6) is satisfied, then there exists N > 1
such that we have the convergence estimates

llp = p"lIE < CNllp - pNII% (25)

rate

e antl ||2 < Cnfl\A/ ||p—pNH§ (26)
H! (Q) rate PV(]_%HJ?HHJ(Q)_VL”)

forany b > N, where

Coue = 1= P (1= 211 -1 @) = ) and @7)
12 A
Cr = S (N + 201l + v + 2N gl o | (28)

Proof. a) From (19) and (22), we get

((Dd)(8), a—a"*!)y— (Do) (@), a—a"*') +( grad (p—p"),a—0"*") = 0
or

<(ljﬁ _ ljﬁn+]) (ﬁ),ﬁ _ ﬁn+l> + <(D"ﬁn+])(ﬁ _ ﬁ’”’]),ﬁ _ ﬁn+]>

+(grad (p — p"),a—-a"1) =0
and using (11) and (12), we have
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$la— a2, o< Nl o) ll6 - 6712, o Cgrad (p - p), 6 — @)
and, in view of (17), we have
$la =" o) < 201l o 10— 02, 09
—(grad (p - p"), @ -a""")
From (20) and (23), we have
(S(p™) = S(p).p—p™") = (S(p™) - S(p).p - p™*")
+p (grad (p — p™*!), 0" — )
or
llp—p™ 5 <(p-p".p-p" s +p(grad (p - p"*)a-a"")y  (30)
i.e., since
20lp-p™MIg=2(p=p", p=p" s = llp=p" 5+ Ip" =" 5=l - P"II3
we have - - )
llp = p"" s+ Ilp" p”+ s —1lp = p"llg 31
) An+1> ( )

<2p(grad (p — p"*

In view of (29) and (31), we get
+ 55 llp = P IS + 55 llp"

n+1||Hl (.Q) + < grad (p
€ H(l)(Q) and consequently, ||div( —

p"Z = Ll - p"l%
lzn+1> (32)

An+1“
Pn+1),ﬁ -1

%“ﬁ HI(Q)

< 7N||f||H o lla -

and therefore, using the fact that & — a"*!
"+1)||Lz(Q) < |la- "+1||H1(Q) (see Lemma 2.1 (Div-Grad Relation) of [8]), we

have
(3 - 2401 1ln- 1(9)) o= a2, o)
+35llp = IS + 55 11P" = P = 551l = PG (33)
[ A
STIHPn n+1||L2(Q)+2L51||u n+1||Hl(Q>
for any ¢6; > 0. Finally, using (21), we have
(3= 2201 a1y = 55 ) 118 =072, )+ Sl = I o
+($——) 1" = P < sl - 112
For 61 = =, we get
=22 fllgr e - &) = @2 )
35 l1p = ™IS < 55 llp = pIIE
,N =1, we get

For any N > 1, summing the above equation for n = 0
slp=pMI% < 5llp - Ol

(3 221 @) - &) N e - a1,
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and therefore, in view (24), we get that series >, |[@ — @"|| is convergent

2
H'(Q)
and the sequence (||p — p”llé)n is bounded. Therefore, @ — 1 in H'(Q) and the
sequence of p,, n > 1 is bounded in L?(Q), i.e. the conclusion of item a) in the
statement of the theorem holds.

b) Now, we will use the inf-sup condition (6). From (19) and (22), we get

(D) (1), v) = (Da™!) (@), v) + ( grad (p — p"),v) = 0
and we have

—((Da"*! - Da) (0! - a), v) - (D& - Dd) (a),v)

—((Da) (&' — ), v) = —(grad (p - p"), V)
In view of (6), (12), (17) and (18), we get

Bllp - "l < NI =812, o

+ (%V“fﬂﬂfl(g) +v+2N|gllm (g)) [0 — @ | Q)

In view of item a), we get that if (24) holds, there exists an N > 0 such that

[0 — @] (@) < lforanyn> N. It follows from the above equation that

Bl = "l < (N + 211 ll-rc) + v + 2N lgllin o) 1167 = 8l o

and using (21), we have

A 2 A A
1P = 113 < & (N + 20|l + v+ 2N gl o) 1187+ = @12,
for any n > N. Using C defined in (28), we have
llp = p"Il5 < CHIA™ ! — a3 o (36)

for any n > N. Combining (35) with (36), we have

. 20 (v N 2 o n
||p—p“||§s[1—5(——27||f||H-1<9>——) Ip=p"I} 37

f2 2n

for any n > N. Therefore, we got (25). Now, from (35), we have

. 1 llp = p"I12
H'(Q) pV(l—%’HfHH—I(Q)_ z ) ’ o

v

[la — )

and using (25), we get (26).
O

Remark 1 1) Denoting u = i + g and u” = @" + g, problem (19)-(20) will become a
nonhomogeneous Navier-Stokes type problem where the incompressibility condition
has been replaced by an inequality, with the solution (u, p), and algorithm (22)-(23)
will become its associated Uzawa algorithm with, the solution (u”, p™), n > 0. In
view of this remark, Theorem 1 can be easily rewritten and applied to the convergence
of the Uzawa algorithm for this nonhomogeneous Navier-Stokes type problem. Evi-
dently, this remark also holds for the usual nonhomogeneous Navier-Stokes problem
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and its associated Uzawa algorithm, since, in this case, that inequalities (20) and
(23) are written for K = L%(Q).

2) We also note that the above results remain valid for problems formulated for
pairs of finite element spaces that have the properties of H(l)(Q) and L%(Q) requested
in the manuscript.
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