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1 Motivation and mathematical formulation of BVP with oblique
derivative BC

The determination of Earth’s gravity field is commonly expressed through geodetic
boundary value problems (BVPs). Modern advances in precise 3D positioning of ter-
restrial gravimetric measurements using Global Navigation Satellite System (GNSS)
enable the direct determination of surface gravity disturbances 𝛿𝑔(x), which can be
employed as oblique derivative boundary conditions (BCs) in the formulation of the
Fixed Gravimetric Boundary Value Problem (FGBVP). Mathematically, the FGBVP
can thus be described as an exterior geodetic BVP with oblique derivative BC for
the Laplace equation; see, e.g., [5].

For our purposes, i.e., modeling the gravity field in local areas, we define a finite
computational domain, see Fig. 1, by introducing additional artificial boundaries, on
which we impose Dirichlet BC. In this bounded domainΩ, we consider the following
BVP

−Δ𝑇 (x) = 0, x ∈ Ω ⊂ R3, (1)
⟨∇𝑇 (x), s(x)⟩ = −𝛿𝑔(x), x ∈ Γ ⊂ 𝜕Ω, (2)

𝑇 (x) = 𝑇𝑆𝐴𝑇 (x), x ∈ 𝜕Ω − Γ, (3)
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Fig. 1 Illustration of the computational domain Ω (light blue). The selected region Γ is represented
by green hatching.

where 𝑇 (x) stands for the disturbing potential defined as a difference between the
real 𝑊 (x) and normal 𝑈 (x) gravity potential generated, e.g., by the homogeneous
equipotential ellipsoid [9] at any point x = (𝑥, 𝑦, 𝑧), 𝛿𝑔(x) is the gravity disturbance
defined as the difference between the value of the real and normal gravity at any
point x = (𝑥, 𝑦, 𝑧), the vector s(x) = −∇𝑈 (x)/|∇𝑈 (x) | is the unit vector normal
to the equipotential surface of the normal potential 𝑈 (x) at any point x, Γ ⊂ 𝜕Ω

represents the part of the Earth’s topography, 𝜕Ω − Γ represents the top boundary
together with side boundaries, and 𝑇𝑆𝐴𝑇 is the disturbing potential generated from
any GRACE/GOCE-based satellite-only geopotential model.

For more details on the oblique derivative BVP in the finite domain and its
application to gravity field modeling, we refer the reader to [2, 7, 6, 8], including the
references therein.

2 Solution of the oblique derivative BVPs using the DDFV-based
approach

The derivation of the numerical scheme is carried out following the Discrete Duality
Finite Volume (DDFV) method; for more details, see, e.g., [1, 3, 4, 10]. The compu-
tational domain Ω is partitioned into a set of primal finite volumes 𝑝 and associated
dual finite volumes 𝑝∗, see Fig. 2. Let us note that we use the so-called “radial” grid
suitable for our application, which has an orthogonality property that simplifies the
derivation of the numerical scheme.

Equation (1) is then integrated over the primal finite volume 𝑝 (we note that
analogous equations are obtained for the dual finite volume 𝑝∗)




