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1 Motivation and Model Setup

This article presents a multiscale spectral generalized finite element method (MS-
GFEM) tailored to discontinuous Galerkin (DG) discretizations of partial differential
equations (PDEs). Our work is motivated by two problem classes: heterogeneous
Stokes flows, where DG discretizations improve mass conservation, and convection-
dominated diffusion, where DG fluxes enhance stability. Previous work established
nearly exponential error decay for MS-GFEM in the Hilbert-space setting [3] and for
continuous Galerkin methods [4]. As a first step toward extending that analysis to DG
discretizations, we prove nearly exponential decay of the MS-GFEM approximation
error for second-order elliptic PDEs with highly heterogeneous diffusion discretized
by a weighted symmetric interior-penalty discontinuous Galerkin method.

LetQc R4, d e {2, 3}, be a polygonal Lipschitz domain. We consider the fol-
lowing second-order elliptic PDE with homogeneous Dirichlet boundary conditions:

{—div(vVu) =f in Q,

1
u=0 on 0Q, M)

where f € L*(Q) and v € L®(Q). We assume that vin < v(X) < vmax holds for
almost all x € Q for some constants Viax, Vmin > 0. The weak form of (1) is based
on the Sobolev space H(‘) (Q) of H'-functions vanishing on the boundary dQ. Given
f € L*(Q), the weak form of (1) seeks a function u € Hé (Q) such that

/vVu-Vvdx:/fvdxzz F(v)  YveHy(Q). 2)
Q Q
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By the Poincaré-Friedrichs inequality and the uniform bound on v, we obtain that
the bilinear form in (2) defines an inner product on H(l) (Q). Since ¥ is a bounded
linear functional, the Riesz representation theorem yields well-posedness of (2). For
any subdomain S C Q, we define F5(v) = fS fodx for all v € L?(S). We write
(+,+)s and (-, -)F for the L2-inner products on subdomains S and faces F, and use <
for inequalities up to constants independent of model parameters and mesh size.

2 Discontinuous Galerkin Method

For ease of presentation, we employ a matching shape-regular simplicial mesh Ty,
(cf. [2, Section 1.4.1]) and define V}, := PUC(Q, Ty). For all T € T}, we denote by
hr the diameter of T and define the mesh size h := maxrer, hr. We assume that the
coefficient v is resolved by the mesh, i.e., v is piecewise constant with respect to Tp,.
The sets of interior and boundary faces of T}, are denoted by }F;l and F‘Z, respectively.
For an interior face F = 0T N 0T, we introduce v; = v|7;, and we set vi = v = v
for boundary edges. To deal with varying v, we introduce v-dependent weights in
the penalty and consistency terms ([2, Chapter 4.5]) and define the sum operators

2V1

2V2 d
= + =up+ eV,
(] w — Vzul - us, [u] = us + uy, u eV

For any subdomain D C Q, we define Fi (D) = {FND : F € F.} and
Fz(D) ={FNJdD :F € FZ}, and we introduce the bilinear forms

Bb(u,v) = B;’D(u,v) - BZ’D(u,v) - BQ,D(U, u),
BaD(u, v) = Bg’D (u,v) — Bf’D(u, v) — B?sD(v, u),
Bp(u,v) = (vVuu, Vyo)p + Bpy (u,0) + BaD(u, v),

with
i 1 i
B, p(u,v) = E(ﬂvvhu]]w, HU”NFL(D)’ BP’D(u, v) = (y}zl[[un]], [[vn]])F;'l(D),
Bf’D (u,v) = (vVyu, vn)F;?(D), Bf,,D(M’ v) = Z(yiun, vn)FZ(D),

where n is the elementwise unit outward normal vector, (-, ~)F§ (p) and (, -)]Fa( D)
h h

denote the L’-inner products integrated over the union of all faces in FL(D) and

2
]Fg(D), respectively. Further, yfl = Z_,O: ‘2,1‘1‘;2
the face diameter, hr. Note that [un] describes a jump term by definition.

If D = Q, we drop the subscript D in the notations above. The discrete formulation
of (2) is to find u¢ € Vj, such that B(u®,v) = ¥ (v) for all v € V},. For later use,
we define D" as the union of all 7 € T, with 7T N D # 0 and D~ as the union of
all T € Ty, with T n D¢ = @, such that D~ ¢ D c D*. Throughout this paper,

complements are taken with respect to Q.

with a stabilization parameter, vy, and
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3 MS-GFEM for DG Discretizations of Elliptic PDEs

Moy

Consider a mesh-resolved overlapping domain decomposition {w }j 1

and define a partition of unity {y j}?” | subordinate to this decomposition satisfying
supp(x;) C w_]‘.,O <x; <1, Zl}/il)(j =1, x; € P1(Q, Ty). MS-GFEM builds local

approximations on so-called oversampling domains w’;. satisfying w; C a)j. cQ

M o
=195 = Q,

as the sum of a local source solution u” with u” = 0 on 6w]*. N 0Q, cf. (6),
and a correction from an optimal n;-dimensional spectral coarse space Sy; (w;),
cf. (7). The global approximation is then assembled using a partition of unity,
ub = Z?’I:l/\{ju;.’, Sp(Q) := {Z?’I:l/\{jq}j 1 ¢j € Su,(wj)}n = Z?’I:l n;, and the
MS-GFEM approximation is defined as u® = u” + u® with u® € S,(Q) satisfying
B(u®,v) = F(v) — B(uP,v) for all v € S,(Q). The key assumptions for the expo-
nential error decay are a Caccioppoli inequality and a weak approximation property.
We verify these, together with the remaining assumptions of [3], to show that our
method fits into their general framework. For a detailed description of the abstract
MS-GFEM and the complete statement of all assumptions, we refer the reader to [3].

Verification of [3, Assumption 2.3]. (i) For D c Q, we define H (D) = {v|p : v €
Vi } and Hy(D) = {v|p : v € Vj,v = 0on D \ D™}, both with the inner product

¢, )y = Vi, Vi )p + (yi[n], H'"]DJF;;(D) +(¥ps ')FZ(D) +()p.

Clearly, Hy(D) c H (D) for arbitrary subdomains D c Q, and Hy(Q) = H(Q).
(ii) For D c D*, we define Ep p-: Ho(D) — Ho(D*) via Ep p+(v) = v on D~
and Ep p:(v) = 0 elsewhere. We want to show that ||Ep p+(0)[l#,p*) = V]l D)
for all v € Hy(D). Since Ep_p-(v) and v agree on D~ and vanish elsewhere, the
volume contributions to the norms are equal. Next, we consider the contributions
from interior faces. Let F € ]F’h with F = 0T} N 0T,. We want to show

(v2[Ep,p-(0)n], [Ep,p ()n])Fop = (i [vn], [vn])rap. 3)

If F c D, then Ep p+(v)|1yur, = vlryur, and F N D = F N D*, hence (3) holds. If
F c D¢, then Ep p+(v)|rur, = 0 and F N D = 0, hence both sides of (3) vanish.
If FNdD # 0, then Ep p-(v)|r,ur, = v|1,ur, = 0 and both sides of (3) vanish. We
proceed similarly for boundary faces F € IF’;;’ with F C 9T to show that

(Y20, 0)FnoD- )

<7’;2,ED,D* (v), Ep,p~(v))Fnop

If T is not contained in D™, then Ep p+(v)|7 = 0 and v|r = O and thus both
sides of (4) vanish. If 7' is contained in D™, then Ep p+(v)|r = v|r and since F
is a boundary face with T ¢ D c D*, we have F ¢ dD and F c dD*. Hence,
FNoD =F =FnNAJD* and both sides of (4) are equal.

(iii) For D c D*, we define Rp+ p: H(D*) — H(D), Rp+.p(v) = v|p. Due to the
definition of the norm on H (D), we have ||Rp: p (v)||#(p) < vl (D7)
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(iv) For arbitrary D c D*, u € H(D*) and v € Hy(D), we have Bp(u|p,v) =
Bp+(u, Ep.p+(v)) since v vanishes on D \ D~. O

We denote by Ij,: {v : v|lp € C®(T) forall T € T)} — H(Q) the elementwise
defined Lagrangian interpolation operator and define the partition of unity operator
Pi: H(wj) = Ho(wj), Pj(u) = In(xju). Boundedness of this operator is shown
via the following lemma.

Lemma 1 Letu € H(w), x € Pi(w, Th). Then, || xu — In(xu) |l #y(w) S lxull#(w)-

Proof. First, we note that yu is piecewise polynomial due to y € P;(w, T}j,). There-
fore, an inverse inequality and elementwise interpolation properties of I yield

IV 2V et = T ee)) 2oy < I 200 2 )
Ixu = InOei)ll 2wy S el 2 (w)-

Next, we consider the jump terms. For all interior faces F = 97| N 9T, observe
that ([an], [bn])r < (lalzll2r) + llalnll2r) U1DIT 12 (py + 1813l L2 (F)) for
arbitrary a and b, such that applying the discrete trace inequality [2, Lemma 1.46],
elementwise interpolation properties and [2, Lemma 1.43] yields

YilOcu = InQyw))n], [(eu — I (xw)n])r

Viva Viva .o

S T 1 VR OCON 2 1,

h2 e = IO s ) <

v+ Vi + Vv

A

2
Viva 1 1 2 12 2
mzﬂ—iuvi Va2 < V2000172 1o 5)

where hr,, = min{hg,, hy,} and hg,, = max{hr,, h,}. Summing over all interior

faces of w, we conclude
@l = O], [Ocw = I Ge)rDzi () < 12000132, -
(@) L2(w)

Boundary faces can be treated similarly. Finally, we combine all estimates to obtain
the statement of the lemma. O

Corollary 1 Let u € H(w) and x € P1(w, Ty,). Then,

1 ) |t (o) S IxUll () S A1+ IVRX P wr 0 1l 24(w) -
(w)

Verification of [3, Assumption 2.9]. Lety; € Wo(w*].) be the unique solution of
Bw;. (Wj’ v) = Tw}*(”) Vv € '7’{0((1)7) (6)

and define the particular solution as uj.’ = w;- Note that Bw; does not contain face
integrals over the interior subdomain boundary. However, since we define problem
(6) on ﬂo(w’;), it is well-posed. O
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Verification of [3, Assumption 2.13]. For every domain w; C D C a)j‘., we define

Bp () = (vVn, Vh')D'*‘()’;Zl [n]. [['nﬂ>F§1(D)+<7i[['n]]’ [['n]]>]F2(D)'IfBE(u’ v) =0
holds for all v € H (D), then this holds in particular for v = u. Thus, the gradient
terms and jumps over inner faces in the definition of Bj, imply that u is constant
on D. Conversely, if u is constant, the jump terms and gradients in the definition of
B}, vanish and B, (u,v) = 0 holds for all v € H (D). Hence, [3, Assumption 2.13]
holds with Kp = {0} if D is a boundary subdomain and with K = span(1) if D is
an interior subdomain. O

For the construction of the coarse space, we define the space of discretely locally
harmonic functions, 7-(B(wj*.) ={u € 7-(((1);.) : Bw; (u,v) =0V e ﬂo(wj*.)}.
Consider the generalized eigenvalue problem of finding A € [0, +0], ¢ € H. B(w;.)
such that BY, (P} (¢la,). Pj(v],)) = ABY,.(p.0) for all v € Hy(w)). Denoting
the k-th eigenpair as (4; x, ¢ k), where ;1 > Aj > ..., the local approximation
space is built from the eigenfunctions corresponding to the n; largest eigenvalues:

Sn; (w;) := span{@;ilw;s- > @jn;lw; }- (7)

Next, we verify the two central assumptions of [3]. For D c Q, we denote by Cg(D)
and ap(D) the continuity and coercivity constants of the bilinear form Bp with
respect to the (semi-)norm || - || g+ p induced by Bj,. Note that Cg(D) and ap(D)
are independent of v, which can be shown as in [2, Lemma 4.51, Lemma 4.52].

Lemma 2 (Caccioppoli inequality, [3, Assumption 3.1]) Let w C w* C Q and

u € Hp(w") with § = dist(w, dw* \ Q) > 3 max hg. Then,
KeTp:KNw*\w#0

1/2 «—
Il S Vit~ Nl 2 (o 0 - (®)

Proof. Let n € P(w*, Ty) be a cut-off function with supp(n) C (w*)~, 7 =1 on
w*and |Vyn| < C,,6‘1. We proceed as in [4]. By definition,

B (u,que) = (v (1), Vi (1)) v + By (i, mu) + Bg,. (e, qu).— (9)
For the second term in (9), we use that 1 is continuous along mesh faces to compute
B, (u, ) = (yj, [pun, [mun])zi ooy = Vi), [(0)n])zi (o)
= <7i [un], [[772“"]]%1?;!(&)*) —([vnViu + vuVpn]y, [[(77”)”]]%}‘;’(&)*)
=B, ,.(w.n’u) - BL . (u,n°u) - <[[%W7th + vV, [(mOn]zi (o)
= B;’w*(u, nu) — Bi’w*(u, nu) — Bi’w* (NPu,u) = B’;u*(u, nu).
With the same arguments, we obtain Bfl* (nu,qu) = BZ*(M, n*u). Since 7 is sup-

ported on (w*)~, the harmonicity of u implies B, (u, Ir(7*u)) = 0, which we
subtract from (9) while plugging in the above identities and using the product rule
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to obtain

By (qu,qu) = (vuV 1, uVn) o + (vVViit, Vi (0*u = I (71))) o

. (10)
+ B (w.m*u — Iy () + BS. (u,’u — I (7°u)).

We will now show that
1/2 1 1/2 Vl/,2
B (77“’ nu) < CVmax”u”Lz(w*\w)(SHV / Vh(n"{)“Lz(a}*\w) + %llu“LHw*\w))'

Once we have this inequality, we can use a weighted Young’s inequality to absorb
the term involving the gradient of nu and infer

C? Vmax 2 ap(Q) 1/2 2
Bur ) = (€4 520 ) 8l + 25 T 00
(an

Since n is supported on (w*)”, we have B(nu,nu) = B-(nu,nu) and thus
aB(Q)||77u|I%+’Q < B+ (nu,nu) due to the coercivity of B. Combining this with
(11), the assumptions on 7, and noting that the face integrals in the definition of B},
are bounded by the face integrals in the definition of Bf establishes the lemma.

Now, we bound all terms in (10). The first term can be bounded from above
by (vuVun,uVyn) e < VmaxC%‘S_z”“”iz(a)*\w)- Since 1|+ = 1, we infer that all
terms in (10) only have contributions from elements contained in (w*)~ \ w™ # 0.
Let T € T}, be such an element. Using [3, Lemma 5.4] and an inverse inequality [2,
Lemma 1.44], we obtain

Vi, Vie(Pu = L) < Iz Vaull 2y IVa (P = TP u) M| 2z

A

h h
VI Vaull 2 r) (%uwmwnwn * 6—§||u||Lzm)

A

1/2
1/2 1 V,
Vol 2 ) (SHV]/ZVh(Uu)HLZ(T) + %nunum)

and hence

(vYVhu, Vi (7w = 1, (7°u))) o
yli2 ) (12)

12 1
< Vm/ax”u”Lz(w*\w) (5||V1/2Vh(nu)||L2(w*\w) + %HMHLZ(w*\w)

It remains to bound the last two terms of (10). We only consider interior faces
since the boundary terms can be treated in the same way. Recall that by definition
B',.(u,v) = B‘p’w* (u,v)-B, . (u,0) fB[c,w* (v, u). Consider two adjacent elements
Ti,T>» € Tj, with common face F € ]FZ and abbreviate T := T} U T, and v; = v|g;.
We bound the penalty term B;,,w* face by face:
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O Lun] [P = 1O mD)r 5~

hz? el 2oyl = Tn (PPl 2

V1v2

h2 h2
-2 Tnax 1/2 Tinax
® Yt va hy” Nullz2 ) ( 5 V7Vl 2y + 52 ||M||L2(T))

| 2
< Vrln/azx”u”Lz(T) —||V1/2Vh(77'4)||L2(T) + = lull 2y | » (13)
0 02

where the first step is carried out analogously to the first step in (5), and we further
used [3, Lemma 5.4] as well as [2, Lemma 1.43]. Note that the condition n €
P (w*, Ty) is crucial for the applicability of the discrete trace inequality, since it
guarantees that 77%u is piecewise polynomial. Summing over all faces, we obtain the
same upper bound for BL’w* (u, n*u — In(nu)) as in (12).

(u,n?u — I,(n’u)) of B! ., we again proceed

For the first consistency term B, o

. . c,w*
as in (5) to obtain

(Y ntdas [P = In (P ]y s —22

h:t \Vau 2u— I (Pu
—— 7. 1Vt 2oy [l n(m )l L2 ()
< Viv2

h72 |lu 2u—I,(n*u ,
Vi+ vy Tmin” ||L2(T)||77 n(n )||L2(T)

which can then be treated in the same way as (13), such that summing over all faces
once again yields the same upper bound for B., . (u, n*u — I,(7°u)) as in (12). The

term Bi W (n*u — I (n*u), u) can be treated analogously. O

Remark 1 Assuming that v is piecewise constant is not strictly necessary but leads
to smaller constants in Corollary 1 and Lemma 2. For general diffusion coefficients,
an additional factor v/Vmax /Vmin Occurs in the estimates, cf. [4, Lemma 3.10].

Lemma 3 (Weak approximation property, [3, Assumption 3.4]) Let w C w* C

W™ be subdomains of Q with ¢ = dist(w*, dw™ \ Q) > max hg, and
KeTp:KNnw*\w#0

let Vs(w* \ w) = {x € w* : dist(x,w* \ w) < 6}. Then, there exists a constant
C1 > 0 depending only on d, such that for each integer m > C, |V5 (w* \w)|5_d and
h < |V5(a)* \w)|l/dm_1/d, there exists an m-dimensional space Q,,(w**) € L*(w™)
such that for all u € Hg(w*™"),

el o 1=l S Vi Vo V) ™l
Proof. By the assumption on the mesh size, we have 6~ := dist(w*, d(w**) ™\ Q) >
0. We define the set V- (w* \ w) = {x € (W)™ :dist(x, 0" \w) < 6‘} and denote
by Ry,: Vi,((w™)™) — W ((w**)™) the reconstruction operator introduced in [1,
Section 3] defined on (w**)~. By [3, Lemma 5.5], there is an m-dimensional space
Y,, ¢ L?>((w*™)~) and a constant C > 0 depending only on d such that

1/d
/m

Anf J[Rhu = vl 22 (0 \w) < ClVs- (@ \ )| “m™ VNV Rpull 12 (o))
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for all u € H((w**)™). Using the triangle inequality, the previous estimate and [1,
Theorem 3.1], we obtain

uieanm lu = vll 2w\ w) < IRRU = ull 2o\ w) + Ulel}ljn 1Rnu = vll 12w\ w)

. d
< hlull s ()~ + C1]Vs- (0" \ w)| M YV Ryl 12 ooy

* ljd —1/d -1/2
< Vs (@ \ @) “m ™y P ulge r)-
Defining Q,, (w*") via extension by zero of functions in Y,,, and noting that |V s5-(w*\
w)| < |V5(w* \ w)\, the lemma is established. O

Having verified all relevant assumptions of [3], we obtain the desired nearly
exponential decay of the eigenvalues and the global MS-GFEM error. Note that
the Kolmogorov n-widths given in [3, Theorems 3.8 and 2.23] coincide with the
eigenvalues stated below due to [3, Lemmas 2.19 and 2.20].

Theorem 1 ([3, Theorem 3.8]) Assume that w; C w* are truncated concentric
cubes of side length H; and H;f, respectively, that are resolved by the mesh. Let
H; > Hj. Then, there exist constants Nj € N, C; > 0 and c; > 0, independent of h,
such that for all n > N, if h is sufficiently small, we have

—c:nlld
cin
V/lj,n < Cje J .

Theorem 2 The MS-GFEM solution uS satisfies

Cs(Q) Cp(w?)
¢ _ 45| g+ 0 < B2 \kkr i ——L ||| g+
lu® —u”||p+ o < 25(Q) KK j:IIIlaXM e (@) || B+ 02

.....

M

where k and «* are the coloring constants of {w j}j]\’i , and {a);. }]: \» respectively.

Proof. This follows from combining Céa’s Lemma and [3, Theorem 2.8]. The latter is
applicable with &; = \/4; ;. CB(w’]“.)/aB(wj.) [|u€ ||B+,w;_ due to [3, Theorem 2.23],

since [u¢a; — ¥l 5+.0; < Ca(w))/an(@) |50 and || g+.0 < [lzg). O
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