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1 Definition of the model

In the paper we are interested by a phase-field model describing a ternary mixture
of two immiscible fluids (air and water) and surfactants, firstly introduced by [3].
We mainly rely on the phase-field formulation presented in [5], where the authors
include a stabilization term to the model analyzed in [4].

The phase-separation of a binary system in presence of surfactants is modeled
through two continuous order-parameters ¢ and c. The first one, ¢, is the phase-field
variable describing the local density of the two fluids, taking values close to ¢ = 1
in water and ¢ = —1 in air. The second one, c, represents the local concentration
of surfactants, taking values between 0 in absence of surfactants (i.e. the case in
which the system is only locally occupied either by water or air) and 1 when the
local volume is only occupied by surfactants. We introduce the total free energy of
the system,
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which incorporates the classical Cahn-Hilliard energy contributions for both the
phase-field variable ¢ and the surfactant concentration ¢, and a coupling potential F
ensuring some required physical properties for the interaction air-water-surfactants.
The first integral represents the interfacial energy, encouraging smooth transitions
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between phases. We denoted by €4 and €. the interface thickness for ¢ (inter-
face between water and air) and for ¢ (interface between regions with and without
surfactants), respectively. The second integral contains the classical double-well po-
tentials fs and f., ensuring phase separation, defined by fs(¢) = %(dbz - 1)? and
fo(c) = c2(1 = ¢)?, respectively, and having minima at the pure phases ¢ = +1 and
¢ = {0, 1}. In the third integral, the coupling potential F is given by

0
F(¢,0) = =alVlc+ p(¢,c) + 7IVel',  with p(g,¢) = Bp’c - y¢’c,

and @, 8,7,6 € R}, some positive constants. Here, the first term "—a|V¢|>c” is a
coupling term between the interface and surfactants, encouraging a high presence of
surfactants along the interfaces. The second term ”B¢?c” penalizes the presence of
surfactants in pure phases, while the term ”—y¢3¢” represents the different solubility
of surfactants in air and water, penalizing the presence of surfactants in the air.
Finally, the last term ”g|V¢|4” is the stabilization term firstly introduced by [5]
to ensure the well-posedness of the problem. As in the classical Cahn-Hilliard
equation, the system is the H~!1(Q) x H~'(Q) gradient flow associated with the
energy & defined in (1), which leads to the following coupled Cahn—Hilliard-type
system: Find ¢ : (0,7) X Q — R and ¢ : (0,7) X Q — R, such that for any
(t,x) € (0,T) X Q,

6t¢ = Ay,
1
= —€pAP + ;f;(rb) +2a div(cVe) + dyp(¢, c) - 6div([V4I*Ve),

2
6[C = AT],

.,
= —€he+ —file) - a|VeI* + dcp (o, ¢),
c

where Q is a bounded open set of R> and u and 7 are intermediate variables,
called chemical potentials, representing the variational derivatives of the total free
energy (1) with respect to ¢ and c, respectively. The system is completed with initial
conditions in Q: ¢(0, ) = ¢g € H'(Q) and ¢(0, -) = ¢g € H'(Q), and homogeneous
Neumann boundary conditions:

Vo-n=Ve-n=Vu-n=Vn-n=0 on (0,T) X 0L,

where n is the outward unit normal vector to the boundary 9Q.

In Section 2 we give a general overview of the DDFV method and notations (we
refer the reader to [1] for a complete description). In Section 2.3, we provide the
discrete scheme and introduce two discrete operators, specifically designed to ensure
the discrete energy estimate proved in Section 3.
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2 DDFYV framework

2.1 The DDFV meshes and notations

We call a DDFV mesh 7 of the domain Q the triple (0t, 0¥, D) of meshes defined
as follows (see Fig. 1).
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Fig. 1 ADDFV mesh 7 = (M, M*, D).

We partition the domain Q in a primal mesh 9t composed by disjoint polygons K,
called primal control volumes, such that their union covers the entire domain Q. To
each primal cell K we associate a center xk in its interior. Based on the primal mesh,
we define the associated dual mesh 9t*, whose control volumes K* are built around
the vertices of the primal mesh. Each dual cell K* is defined by joining the centers of
the primal cells surrounding the vertex. Such vertex is the center of the dual cell K*,
denoted by xg-. For each couple of edges (o, c*) (where oo = (xg~, xp+) separate
the primal control volumes K and L, and 0" = (xg, xy) separate the dual control
volumes K* and L*), we define the diamond cell D as the quadrilateral having o~ and
o* as diagonals. The set of all diamonds covers the entire domain Q and is denoted
by D. If o is an edge on the boundary d€2, the quadrilateral D € D*! degenerate in
a triangle, having as vertices the two endpoints of o and the center xx of the primal
cell K adjacent to 0. We denote by Dk (resp. Dg-) the set of diamonds having K
(resp. K*) as one of their primal (resp. dual) cells. Finally, for any polygon U, we
denote by my the 2-dimensional Lebesgue measure of U.

Nota bene: The mesh 7 is supposed to satisfy some regularity factors, which are
important for the convergence analysis of the scheme. We do not detail them here,
as we will not talk about convergence, but we refer the reader to [1] for a complete
description. However, such regularity factors are not very restrictive, and only limit
the flattening of the diamonds in the mesh refining process.
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2.2 Discrete unknowns and discrete operators

We define two types of discrete unknowns. The concentration fields ¢ and ¢ are
approximated by scalar unknowns us = ((ux)xem, (Ug:)k-em:) € RN (where
Ng denotes the total number of primal and dual cells) constant over the primal
and dual cells. On the diamond mesh, we will approximate the gradients of such
concentrations. Therefore, we also introduce vector unknowns &p = ((ép)ped) €
(R?)N2 constant over the diamond cells (where N denotes the number of diamond
cells). We define the following discrete dot products

N. i
Vur,vyr € RV, [ug, o] = 5( 2 MKUKVK + ) mK*uK*UK*),
KeM

K*em*
Ve up € (RDN, (€p,¥p)p = Z mpép Y

with the associated L? norms: ||uq||7 = [us, u‘T]];fz, and ||épllp = (fg,fg)lb/z. In
the DDFV setting the discrete gradient of a scalar field V® : RN7 — (R?)M® and
the discrete divergence of a vector field div” : (R?)V®> — RN7 (see [1] for a precise
definition) are in duality, mimiquing the continuous setting. This property gives a
meaning to the name of the method and is established through the following discrete
Green’s theorem: For all (¢p,us) € (R?)N® x RV7 such that £ - n = 0 on 62,

[div” ép, usl]s = —(€p, VPus)o. 3)

2.3 DDFYV discretization of the model

We derive a DDFV approximation scheme for the coupled Cahn—Hilliard system (2)
by integrating the equations over each primal and dual control volume, K € IM
and K* € 9", respectively. For the time discretization, let N € N* be given, and
define the time step At = % The time interval [0, 7] is then uniformly partitioned
by setting 1" = nAt, for n = {0, --- , N}. We employ the implicit Euler method for
most terms. However, a semi-implicit treatment is applied to the derivatives of the
double-well potentials fy, f., as well as to the polynomial coupling potential p: for
any T = {K € M, K* € M*} € T, we define them as

fu(v?'l) - fu(vg")
=)

d5 (¢, 67 (P = 9) + dl (87 (T =) = p (87T, ) = p (8], ).

d{”(v?, vty = , withv = {¢, c} 4)

Furthermore, a scheme based on the midpoint rule is used for the term involving
J¢ (—|V¢|*c) = 2a div(cVe) in the equation for y, while an explicit discretization
is adopted for the term involving 0. (—a|Vé|>c) = —a|V¢|? in the equation for 7. As
we shall see in Section 3, this choice is made in order to obtain an unconditionally
stable energy estimate. We initialize the problem by taking the average projection
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e . . 0 _ 1 0
of the initial data on the primal and dual meshes: u = ((m_r fT u (x)dx)Teimufm*)

for ”91' = {¢2, c(.)T}. The discrete problem reads as follows. Knowing (¢7-, c¢7) €
RNT xRN, find (77, !, o gty € RNT X RNT x RNT xRN such that

n

¢n+l_¢$_: AtdivT (V2 n+1)

=, leT(VD¢n+1) + e¢d£¢(¢‘r’ ¢ +dp(¢fr’ gl !
+2adiv” (I;J(c"“)v33 (‘7’%’71)) 5 divT (VR Vg1 ), (5)

c'7’_+1—c7- = At d1v7—(V5377”+1 ,

= = ecdiv (V) + Ll (e, et - aPr (VO4) + a2 (81,

To take into account the homogeneous Neumann boundary condition, we impose
for all unknowns V2 u’f; Uingg = 0, for any D € D, where nsg is the unit
normal vector to the boundary edge o outward to the associated primal cell K. Note
that the concentration c is defined on the primal and dual cells, but its values on
the diamond cells are required to discretize div(cV¢): the divergence operator acts
on the diamond mesh, and V¢ is itself defined on the diamond mesh, so it would
be mathematically inconsistent to multiply quantities defined on different meshes.
Similarly, although V¢ is naturally defined on the diamond mesh, the equation for
n is discretized on the primal and dual cells, requiring its values on these meshes.
This motivates the construction of operators I and P so as to be consistent with
the mesh structure, and to ensure the discrete energy estimate.

Firstly, the operator P acts as a discrete L? projection from the space of vector
fields (R?)N® onto the space of scalar fields RV”, we define it as follows

Pr(ép) = Z mporlénl, VT ={K e MK €M}y eT.  (6)

DeﬁT

Conversely, the operator 75 maps a scalar field of RV7 to a scalar field of RV,
associating with each diamond a weighted average of the values of the primal and
dual cells within that diamond. We define the operator Ig as in [2]:

1
S P

We are now also able to define the natural discrete counterpart of the continuous
free energy (1) by replacing the continuous functions and operators with their discrete
counterparts. The discrete free energy &7 : RV” x RN — R is then defined as

l[f¢(¢7’) N fC(CT),l'T]I @)
Ec T
—a 3 mpIp(cr) VP o7 + [p(¢7.cr) 1e] 7+ S Z mp|VP o7,

DedD

€y €c
Er(or.cr) = LIV 07l + CIVOer I +



246 Margherita Castellano, Ludovic Goudenege, Flore Nabet

where 14 denotes the piece-wise constant function equal to one on each interior
primal cell K € 9, and on each dual cell K* € IN*, and zero elsewhere. Note
that & is a consistent approximation of the continuous energy & defined in (1), in
the following sense. For sufficiently regular functions ¢ and c, if we consider the
average projection of such functions on the disks By centered in x7 and included in

_ % AT T, _ 1
thecell T = {K e M, K* € M*} ie. P)u = ((ms», /Br u(z)dz)TEmUw). Then the

difference |E (¢, ¢) — E7 (P ¢, P7 )| tends to zero when the mesh size goes to zero.
This result follows from [1, Proposition 3.6].

3 Discrete energy estimate and numerical results

In this section, we provide a discrete energy estimate for the DDFV scheme (5).

Proposition 1 (Discrete energy estimation) Ler ¢ € R, ¢ € RN7. Suppose
there exists a solution (¢"+1, yf}” el 77'7’.“) € RNT x RN x RN’/’ x RNT to prob-
lem (5). Then, for all time step At, the following equality holds

AVELFE G + A VIR G + 87 (857 ) = 87 (97 )
2
+ SNV ol +§ T mp (19705 = VP05 ©)
SV - cplip+§ 3 mD|vD¢"+‘| [VPg5+! = VP72 =0
Proof. The idea of the proof is to mimick the classical approach of the continuous
setting, in the discrete framework. We compute the dot product between the first
equation of (5) and ,u’“rl between the second one and (¢7* 1 7), the third one

and n"” the fourth one and (c’“rl — cf). Then, we apply the Green theorem

(3) for all terms 1nV01V1ng the dlvergence operator div”, and then use the relation
b(b-a)= é(b2 a* + (b — a)?) for the terms of involving the discrete gradient of
¢ and ¢, with a = {VO¢", Vo2 7} and b = {VD(;S"” Vbc',;_”} (first and second
line in the equation below). Addmg everything together gives

0= AV R + 2 (IV205 1R ~ 1921 + 1906 = ¢nl13)
+ MV + 5 (Vo IR = 1923 + V2 (e - el

+ L0 (@ 05, 85 = Bl + LLaP (e, e = el
+[[dh (8l 5 ), 5 = BNl + [dE (@5, 5 = e

— 2 (I (Cn+1)V® (¢;L~+2¢fr+ ) VD(¢n+1 ¢$_))

(10)

_ a'[p,]_ (Vb(p‘T) n+l _ CT]]’T+ 6(V:D¢n+1 |V3¢n+] 2 V:D(¢n+1 (ﬂ;—))b
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The discrete operators P7 and Ip (see Definitions (6) and (7)) are then defined in
such a way that we can obtain

n n+l
2(Zo(ey)v? (%) TR - o)+ 1Py (VR4 e - el

= > mpIp(cyHIVP I P = 3 mp In () VP ¢l .

De®D DedD

We also emphasize that the choice of time discretization — using the midpoint rule
for the equation on y, and an explicit scheme for the equation on n — allowed
us to use the identity (a + b)(a — b) = a®> — b* to eliminate the crossed terms
Ip(c3*)|VP ¢ |? in the above relation (take a = VP¢*! and b = V®¢1). This
choice therefore plays a crucial role in obtaining this result and, consequently, in
deriving the forthcoming energy estimate. Finally, using the identity a*(a — b) =
1(a* = b* + (a* = b?)? + 24%(a - b)?), with a = VP¢'*! and b = V¢, the
stabilization term satisfies

1
(Vg5 (Vo 2 VR (05 = 9o = 7 mo (VP61 = V2 g5
DedD
47 2 mp (IVPO P = (VP05 1) + 3 3 mp| VP PIVP g - VP gy .
Ded DeD
By combining all identities and applying the definition of the discrete energy (8),

along with the semi-implicit discretizations (4) of the polynomial terms—which
eliminates lines 3 and 4 in equality (10)—we obtain the desired estimate (9). a

To conclude, we performed some numerical simulations to validate the model.
We consider the case study of a static air bubble, which remains static in time due to
the mass conservation property. We initialize the problem with some random values
around ¢ = 0.5 for the surfactants concentration, exponentially decreasing around
the boundary. Let €5 = €, = 0.044, the time step Az = 10~* and the mesh size be
around 2 = 0.0145. For this numerical test, we have set « = 8 = 0.03, y = 10.8,
§ =135-107% In Fig. 2, we have overlaid the contour lines of the surfactants
concentration on the plot representing the static air bubble. In the figures, we can
distinguish in blue the water, in red the air, and in white the interface between air
and water. For the surfactants, the black contour lines represent the regions of high
surfactants concentration, and in white the regions where there are none.

For increasing times, surfactants molecules aggregate to each other, distributing
themselves at the interface between air and water.

To support the result stated in Proposition 1, we also present below (Fig. 3) the
evolution of the discrete free energy (8), which decreases over time (Fig. 3(a)),
together with the numerically computed values of estimation (9) over the iterations,
corresponding to the machine rounding errors (Fig. 3(b)). Both plots report the time
" = nAt for n € [0, 500].
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Fig. 2 Surfactants concentration on the dual mesh at time #;, 59, #1000 and #sggp.

: Numerical values of the energy estimation over iterations
Discrete energy over time -

crete
Energy estimation
°
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(a) Discrete free energy decreasing over time. (b) Energy estimation over the iterations.

Fig. 3 Validation of Proposition 1.
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