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1 Introduction

Parallel-in-Time methods have been developed to reduce time-to-solution when space
parallelisation has reached its limits, which is particularly important for computa-
tions on million-core supercomputers [1]. Parallel-in-Time methods are particularly
attractive as some [8, 4] can be applied without changing the existing code base.
However, this convenience often limits scalability. While more intrusive, the Space-
Time Multigrid (STMG) algorithm has great scalability properties [5]. This makes it
an excellent candidate for large-scale applications where time-to-solution is critical.

To achieve the full potential of the STMG algorithm, its parameters need to be
optimized, in particular its damping parameter @ used in the smoothing procedure.
For the heat equation, the paper introducing STMG with block-Jacobi smoothing [5]
suggests to use @ = 1/2 in order to guarantee that time coarsening is always possible,
and thus overcoming a drawback of earlier multigrid methods for solving parabolic
problems [6, 7]. It had then been shown in [3] that for the discretization considered in
this paper this choice can be improved in the case where vAr/Ax? < 1/2. Here, we
show that it is possible to compute an even better choice of the damping parameter «
which leads in our numerical experiments to substantially faster convergence when
STMG is used in practice, especially on the coarser meshes in the multigrid hierarchy.

As many multigrid algorithms, STMG is analyzed using Local Fourier Analy-
sis (LFA) [9, Chapter 3]. This method is not rigorous and assumes that the problem is
infinitely large, so the boundary conditions can be neglected and periodic boundary
conditions can be considered instead. Neglecting the boundary conditions makes the
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analysis much simpler, and gives rather good predictions for the actual convergence
of STMG, as it was shown in [5, Figure 3 and 4]. We show here that performing a
discrete LFA allows us to take into account that the constant error modes are actually
not present in the STMG solver, and the resulting new optimized damping parameter
further speeds up STMG in practice, while we still have a closed form formula for
it. The insight that constant error modes are not present also holds in higher spatial
dimensions and for more complex space-time problems, and the approach we present
here can be generalized to STMG for these cases by including higher dimensional
discrete LFA ranges without difficulty.

2 The Heat Equation and its Discretization

Consider the one-dimensional heat equation with Dirichlet boundary conditions and
initial condition uy,

Oru(x,1) = voyu(x,t) , (x,t) € [0,L] x[0,T7] .

We discretize the heat equation using centered finite differences in space and Back-
ward Euler in time as in [3]. Denoting by L, the discrete Laplacian, we get

(I—AtLy )Upsy = ttn + fras n=0,....0,—1. (1)

Equation (1) can be written as an all-at-once system Ax = b, namely

(I-AtLy)) uy Sfi+uo
-1 (I-AtL,) up S
. . = : , (2)
—I (I=At L)) \uy, fu
—— —e
=:A =X =:b

where we chose x and b to avoid a notation conflict below in multigrid.

3 The Space-Time Multigrid (STMG) Algorithm

We then solve the system (2) in a multigrid fashion using a block Jacobi smoother,
M =xkraD " (b -AX"), k=0,....,v-1. (3)

First, consider a hierarchy of grids Q7 € ... € Q, C Q. On each of these grids,
we define a problem A;x; = b; where Ajx; = b; is given by (2) and subsequent
problems, withi = 2,..., L, are defined by rediscretizing (2).
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Algorithm 1: Algorithm: Space-Time Multigrid

1 Function STMG(l, x,b):
2 if / = L then

3 L X = AzlbL // Solve coarsest problem
4 x = Smoother(x, b, v;) // Damped block Jacobi pre-smoother
5 x=x+P -STMG(l+1,0,R(b — A;X)) // Coarse grid correction
6 x = Smoother(x, b, ;) // Damped block Jacobi post-smoother
7 return x

The coarsening is done either in time only or both in space and in time depending
on the ratio o := vAt/Ax? [3]. For analysis purposes, we also consider coarsening in
space only. Define the spatial restriction and prolongation operators by R, and P,,
as well as their time counterparts by R, and P,. For simplicity of notation, we omit
to index those operators by the level i. Denoting by I, the n X n identity matrix, the
space-time restriction and prolongation operators are then defined by a Kronecker
product depending on the type of coarsening:

1. Semi-coarsening in time: R =R, ® I, and P =P, ® I, _,
2. Semi-coarsening in space: R = I,,, ® Ry and P = I,, ® P,
3. Full-coarsening: R =R, @ Ry and P = P, ® P, .

4 Analysis of the Block Jacobi Smoother

Local Fourier Analysis (LFA) can be used to study the smoothing steps (lines 4
and 6) in the STMG Algorithm 1 separately from the coarse-grid correction (line 5).
We focus here on the analysis of the block Jacobi smoother. The idea is to look at
the approximate solution in Fourier space, that is, in function of its modes. To define
them, we introduce ® := {(2nk/ny,2n7t/n;) | k,T €N, 0 <k <ny, 0 <71 <ns}
the discrete set containing the normalized angular frequencies for our discretization.
Note that we can recover the continuous set of normalized angular frequencies
usually considered in LFA by considering the limit n,, n, — oco.

For (6, ;) € ©, the corresponding modes are givenby ¢g_ g, (j, n) := '/
In particular, we distinguish the slowly oscillating components (called low modes)
from the faster oscillating ones (called high modes), as the high modes will be aliased
onto the low modes when the problem is coarsened. We denote by @"ig" the set of
high modes for the given discretization. Of course, that set is defined differently
based on the type of coarsening (full or semi coarsening) that is performed. For
semi-discretization in time the set of high modes is given by,

e"e" = @ N ([-x, 71) x ([-71, —7/2) U [x/2,7))) .
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o =0.1 o=1 o=10

Fig.1 Symbol S on the set @M for various mesh ratios o~ = vAz JAx?

The goal of smoothing is to damp as much as possible the modes in ®"e", The
amount of damping of the high modes is measured using the smoothing factor

us(@) = max{|S(a; by, 6,); (6x, 6,) € OME} @)

where § denotes the symbol of the block Jacobi smoother S. In LFA, the symbol
is computed as the eigenvalue of the operator corresponding to S but with periodic
conditions in space and time. For solving the heat equation as discretized in (2), the
symbol of the block Jacobi smoother is given by

a,e—lé)t

S(@;65,6,)=1-a+ :
(@30, 01) T 201 —cos6y]

®)

From Figure 1, the maximum of the symbol is attained near (0, 6;) = (0,7/2) or
(0x,6;) = (7/2,0). An important remark is that the constant error modes where
either x = 0 or 7 = 0 do not need to be treated by STMG, since they are not present
in the error due to the Dirichlet boundary conditions! and the initial condition. In
the earlier analyses using a continuous set of frequencies, these modes could not be
excluded when optimizing the damping parameter, which resulted in a sub-optimal
parameter that was effective also for modes not present in the error. We show now
that this change can make an important difference, especially on coarser meshes in
the multigrid hierarchy, and leads to substantially faster convergence of STMG. For
simplicity of notation, we define ¢, := cos(x/ny) and ¢, := cos(r/n;).

Lemma 1 Let n, > 2 and n; > 2. When considering the heat equation discretized
by (1) and solved by STMG, the high frequency modes (0%, 67) that the block Jacobi
smoother damps the least are when considering coarsening in

1. time only: (0%,67) = (nAx/L,n/2);
2. space only: (6%,07) = (n/2,nAt/T);
3. both space and time:

. . (m/2,nAt|T)  ifa < Toex (o C=cx) 1 °
(0%, 6;) = e (1+20) (1420 (1-cx))2
(mAx/L,7/2) otherwise .

! The case of Neumann boundary conditions would be different and will be studied elsewhere.



Discrete Optimization of STMG with Block Jacobi Relaxation for the Heat Equation 381

Proof. Ttems 1. and 2. are obtained by computing |S|?> which has the same maximum
as ||, and maximizing it on the set of high frequencies in space and time to obtain
the smoothing factor in (4). The resulting smoothing factors are

a?

(1420(1=cy))?

luzemi—time(a’) =(1- a,)2 +

when coarsening in time only, and
2a(1 — a)c; a?

1+20 (1+20)°

#sz'emi—space(a) = (1- a)2 +

when coarsening in space only.

In the case of full space-time coarsening, the worst case from the items 1. and 2.
dominates. For this, we compare the smoothing factors for semi-coarsening in time
and in space. Isolating « in Hemi-space (@) > pZ, i ime (@) gives the criterionon@. O

We can then minimize the smoothing factor (4) for each ratio o = vAt/Ax?.

Theorem 1 Let n;, > 3 and n, > 3. The optimal damping parameter a* when
solving (2) with STMG is given by

1420 (1-cx))? e
1. af = % when coarsening in time only;
o(l-cyx
" o+o?
(1=cs)+20(1=c;)+202°

3. when coarsening both in space and time,

| L .
2. @ =min {3 1}, when coarsening in space only;

| +o?
min {i + (1—c,)+20(—r((lr—c,)+20'2’ 1} fOrO’ <aJ1,
1
% _ 20cx (1+0(2—cy))
@ = ( c,(l+20‘)(1+20’(1—cx))2) foroy <o <o,
1—((1+20’(1—cx))2) foro > o,

where, o is the positive real root of ay + a0 + aro? + ayo = O with
ap = ZCi +cx(cr —2)+ (1 =2¢;),
ay = (cx —2¢:)(6—4cy) +4(1 = 2¢y) ,
az =2¢x(2cx =3) +4(1 —cx)(3 = cx)(cx = 2¢4) s
8(1-cx)*(cx —2¢1)

as

Cr —Cx + \/Ci + C% +2cxci (1 —cy)
2¢,x (2 —cy)

and o>

Proof. Ttems 1. and 2. are obtained by optimizing the smoothing factor obtained in
each case, that is, solving du?(a)/da = 0. For item 3., we compute the domain of
time dominance which is the domain where the smoothing factor for semi-coarsening
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Fig. 2 Comparison between the optimal discrete (with n, = 100 and n, = 10). Left: continuous
damping parameters. Right: the corresponding smoothing factors.

in time is larger than for semi-coarsening in space. Its boundary is obtained by

. . . 2 2 . .
isolating @ in p, . . (@) = psemi_space(a) and is given by

-1
o=+ docx(1+0(2-cy)) . ' ©)
2¢; (1 +20)(1 +20(1 —cy))

Next, we evaluate the smoothing factor with the optimal damping parameters for
semi-coarsening in space and time (from item 1. and 2.). We observe that these curves
cross the domain of time dominance only once. This means that for o < o, we
can use the optimal damping parameter for semi-coarsening in space and for oy < o
the one for time. For 0 < o < 07, the optimal damping parameter is given by the
boundary of the domain of time dominance as it minimizes the smoothing factor.
As ag > 0 and ay, a,a3 < 0, the existence and uniqueness of o is given by the
Descartes rule of signs: as the successive coefficients a; change sign only once, our
polynomial has a single positive real root. O

Remark 1 More details for the proofs of Lemma 1 and Theorem 1 can be found in
[2, Lemma 6.2.7 and Theorem 6.2.8].

Remark 2 Note that in the case ny,n; — oo, the root o degenerates to 0 and o»
tends to the value 1/ \/5 which is consistent with results from the continuous analysis
in [5].

In Figure 2, we show the optimal damping parameter obtained from Theorem 1
compared to the optimal damping parameter obtained in [3]. We observe that the
damping parameters are very different when the mesh ratio o = vAt/Ax? is either
very large or very small. We can also observe the impact of the choice of these
damping parameters on the smoothing factor. In particular, we see that the new
choice of damping parameter has most impact for large ratios where choosing the
optimal damping parameter leads to extremely good smoothing.
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Fig. 3 Solution after 3 steps of the block Jacobi smoother for o = 1000 with mesh sizes n, = 100
and n, = 10 for different damping parameters «. Left: @ = 0.5 from the earlier continuous analysis.
Right: @ =~ 0.8 from the new discrete analysis.
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Fig. 4 Comparison of the two-grid convergence of STMG for solving the heat equation in the
regime of large o using the optimal damping parameters obtained from the analysis in [3] and the
one obtained through our approach.

This is further illustrated by Figure 3 where we compare the smoothing abilities of
the optimal damping parameter for the block Jacobi smoother given by the continuous
analysis in [3] to the discrete analysis presented here. We observe a much smoother
solution using the new damping parameter obtained through our discrete analysis.

Finally, in Figure 4, we illustrate the importance of considering a discrete analysis
in particular for the coarser grids in the multigrid hierarchy which are very coarse.
For this, we solve the heat equation as discretized in (2) on a grid of size n, = 100
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and n; = 10 resulting in oo = 1000. We use STMG with v; = 2 pre-smoothing steps
and v, = 1 post-smoothing steps, because it is the smallest amount of smoothing
which results in decent convergence for the damping parameter @ = 0.5 from the
continuous analysis. Note that with the new optimized parameter from our discrete
analysis, it would be largely sufficient to use vi = v, = 1 (also shown in Figure 4)
to obtain good convergence, resulting in larger savings in computation costs. The
solution is transferred between grids using linear interpolation in space and time,
full-weighting as restriction in space and injection as restriction in time. We use
injection in time instead of full-weighting to limit excessive smoothing in the time
dimension. As the damping parameters can be pre-computed given a grid hierarchy,
using the damping parameter from either analysis does not increase computing costs.
We thus see that using the damping parameter from our new discrete analysis rather
than the one obtained from the continuous LFA gives a 2.5 speedup. Indeed, we
converge to the same error in 4 iterations instead of 10.

Future work includes the generalization of these results to higher dimensions,
including more general boundary conditions, and also to more general parabolic
problems.
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