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1 The Helmholtz problem

We consider the classical Helmholtz equation given by

k2
Au+—u=—-f in R% (1)
C

subject to the Sommerfeld radiation condition:

ou

1
E—lku (r(d——l)/z)’ r=|x| — oo. (2)

Here k is the angular frequency, ¢ € C®(R?) represents the (possibly variable)
wave speed, and f € L*(R9) is the source term. We assume that both f and 1 — ¢
are compactly supported within a hyper-rectangle Qi := ]—[ﬁl:1 (a', b"). To keep the
presentation simple, we restrict here to constant wave speed case ¢ = 1.

To formulate the problem in a bounded computational domain, we restrict (1) to
the extended domain Q := Hil (ai - Kg, b+ Kg), where «; denotes the thickness
of the Cartesian PML surrounding Qi,. We introduce a smooth scaling function
g € C*(R), satisfying
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gx)=¢g'(x)=0, x<0
g’ (x) >0, x>0
g"(x) = 0’ X € (KOC’? +OO)

The scaling function g; (x) for each direction i is then given by:

g(x! = b, xi>b
gi(x") = 40, x' e (a',b")

-g(a' -x"), x'<d

Using these, we define the PML-modified Laplacian as: Ay := 2%, (v (x")_laxi)2
where y; := 1 + ig]. This formulation allows for the analytic continuation of the
solution into complex coordinates, effectively absorbing outgoing waves. In weak
formulation, the truncated Helmholtz problem with PML reads: find u € HLI) (Q)
such that

a(u,v) = /Q(DVM) -Vo— (8- Vu) — k*uv = /va, Yuv € Hé(Q). 3)

where D is the diagonal matrix with entries D;; = ;(x)~2, and f3 is the vector field
with components 8; = y/(x) /y: (x")>.

2 Restricted additive Schwarz method with PML transmission
conditions

The work [3] analyzed Schwarz methods (both additive and multiplicative) with per-
fectly matched layer transmission conditions, and provided theoretical convergence
results for these when applied to the high-frequency Helmholtz equation. In this
paper, we implement a practical variant of the additive method and present numer-
ical results to demonstrate that it is scalable to O(k¢) pocessors. Earlier work with
lower levels of parallel scaling can be found in [7, 6, 2]. To keep the presentation
self-contained, we summarize here the key components of the method.

Cartesian covering. We cover the computational domain Q with N overlapping
subdomains Q; iy = ]—[flzl(a;, b;),j = 1,---, N obtained by extending a non-
overlapping Cartesian partition in each coordinate direction. The overlap width is
0. We then extend each interior boundary 0Q; o ¢ 0 by a PML layer to obtain

1714 i i i i
Q= Hi:l(aj Kj’l,bj + Kj’u), where

i i i _ i
; {0, aj =a' -« ; :{0, bj—b + Kg
J.u

] ) K" J )
i i_ ’ i i
Kk, a%>a'—kg K, bj<b + Kg



RAS-PML for High Frequency Helmholtz Equation 747

and « is the thickness of the Cartesian PML on subdomains. For each subdomain
Q;, we define a local PML problem, using the local PML scaling function:

g(xl - b;), x> b;
COEE PE) N
—g(aj. -x), x'< aj.

Foreach j =1, ..., N, we let a; denote the restriction of the sesquilinear form a from
3)toH (1) (Q;). To combine local solutions into a global approximation, we introduce
a set of non-negative partition of unity (PoU) functions {x;} on Q based on the
cover {Q; inc}, such that Zj-v:] X;j = 1, and supp(x;) C Qjin (i.e., x; vanishes
on the extra PML of Q;) and y; = 1 on the non-overlapped part of Q;, namely
Qjnovip = €2 int\(Upz; Qint)-

Restricted additive Schwarz method (RAS). With the above definitions, the RAS-
PML method, defined (before discretization) in [3], is given in Algorithm 1.

Algorithm 1: RAS _IterSolve

Input: Initial guess u© | source term f, number of subdomains N, domain Q
Output: Approximate solution u
1 Partition Q into Cartesian subdomains {Q; }2Y

_la

2 forn=0,1,2,. > Outer loop over iterations do
3 forj=1,..., N > Inner loop (parallel) over subdomains do
4 Find ¢"*" € HJ(Q;) such that:

ap(¢f"V 0p) = (f0p) —a@™, 0, Vo; € Hy(Qp: ()
5 Compute the global update: u**1) = 3" 4 2 ch(i"“);

¢ return u("*D;

Now let uj, denote the Galerkin solution of (3) in a conforming finite element
space Vi, C H}(Q). Then, with Vi, ; = {vala, : vn € Vi} N Hy(RQ;), the discrete
version of Algorithm 1 for computing uy, is as follows. Given the current iterate
u;l") € Vj,, we compute local corrections c;:’;.rl) € Vp,; by solving the discrete

counterpart of (4):

1
a](c(n+ ) Uh,j) = (f, le,jvh»j) - a(u;ln),‘RZ;jl)h,j), Vl)h,j € Vh,j, (®))
where RT h.j denotes the extension by zero from Vj,_ ; to Vj,. The new iterate u(”+1) is
updated as:

( +1) _ ( ) (n+1)
n n +2Rh]hnl ’ (©6)
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where 7?; ; denotes the weighted extension by y/; from V}, ; to V. The corresponding
preconditioner is given by

87 = Y RIA;'R;, (7
J

where A; is the local operator corresponding to a;.

As shown in [3, §8], this is a restricted additive Schwarz (RAS) method, where

each local subdomain problem is equipped with a PML and a Dirichlet boundary
condition.
Theoretical results. Suppose the PoU {y;} is C* and the Helmholtz problem is
non-trapping, which means that all rays of geometric optics escape the domain in a
finite time, avoiding closed cycles or infinite reflections (see [3, §1.7]). Then results
from [3, Theorems 1.1-1.4 and 1.6] establish conditions, for which, given any M > 0
and integer s > 1, there exist constants N € N and kg > 0 (both independent of f)
such that

llu =y @) < k™M flu - M(O)Ilyi(g), for k > ko. ®)

Here the weighted Sobolev norm is defined as | |v| | s(@) = Zlalss ||(k‘16)"v||iz(g).
In particular, (8) implies that the fixed-point iteratfons converge super-algebraically
fast in the number of iterations for sufficiently-large &, and that the rate of conver-
gence improves as k increases. These theoretical results apply on arbitrary overlap ¢
and PML width «, but these have to remain fixed as k increases.
Mesh refinement and number of subdomains. To resolve the oscillatory solutions
of (1), the mesh size must decrease at least as fastas 7 = O(k~!) as k — oo, leading
to a finite element system with at least O (k%) degrees of freedom (DoFs). To achieve
efficient parallelization, we partition the domain first into O(k) non-overlapping
subdomains along each coordinate direction, so that the number of DoFs within
each remains approximately constant as k grows. Then we add the overlap and PML
layers of thickness ¢, « as described above. The case of meshes refined to avoid the
pollution effect will also be discussed in future work.

Although the theory in [3] assumes that J, k should be fixed with respect to
k, the results here show that these parameters can be chosen to decrease quickly
as k increases, leading to a scalable algorithm with no loss of convergence rate.
(Preliminary experiments were given in [4].)

3 Practical improvements

We propose several practical improvements to Algorithm 1 which will be illustrated
by the numerical experiments below. These include:

(i) Reducing communication by exploiting the sparsity of the residual term.
It can be shown that the right-hand side of (5) is nonzero only in overlapping
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regions, and thus the communication of the local residuals can be restricted to
these regions.

(ii)) Combining PML and impedance boundary conditions for improved ro-
bustness. The fact that the local corrections (5) are computed in Vi, ; € Hy(;)
implies that a Dirichlet condition is applied at the boundary d€;. (This is a
common set-up when PML is used.) However it is simple to apply instead the
impedance boundary condition

Oyu—iku=0 on 0Q;, ©)]

(as a natural boundary condition on subdomains), where 9, denotes is the out-
ward normal derivative on d€2;, i.e. we use a hybrid of the PML with impedance
boundary conditions. The local sesquilinear forms a; then incorporate (9) as a
natural boundary condition. This improves robustness when the PML is thin (see
Table 1). This hybrid treatment, also used for Maxwell’s equations [1], yields
smaller errors than PML with Dirichlet boundary condition.

(iii) Scaling of width of overlap and PML layers as k increases. To balance
communication and convergence, we have found that it is advantageous to let
the number of grid points in the overlap and PML layers grow logarithmically
with k. Since the mesh diameter in these experiments is of the order of a
wavelength A = 27r/k, we choose overlap § and PML width « according to the
formulae

2 2
§=Cs (k) 7” and & = Cy £(k) 7” (10)

where £(k) := k_LkO log, (k/ko), for some constants kg, Cs and C, to be chosen.

4 Numerical experiments

In our numerical tests, Q is the unit square, and the source is the smoothed delta

function: f(x) = %{22 exp (—161{2(:;—2_)“*)2) , with the source point x. = (0.5,0.5), the

global PML width is k, = 327” (i.e., 3 wavelengths) and the PML coordinate scaling
function is taken to be g(x) = 10kx>.

For this experiment the problem (1) is discretized on a uniform square mesh with
12 grid points per wavelength using bilinear elements. The domain decomposition
consists of N uniform overlapping square subdomains and the PoU functions are
taken to be the tensor products of the 1D PoU functions which vary linearly across
the overlap regions in each direction. In the tables, ovlp and pml denote the number
of grid points in the overlapping and PML regions respectively. For the formula (10)
of 6 and «, we use £(k) with kg = 150. In all cases, the number of processors is equal
to the total number of subdomains N = O(k?), chosen so that each non-overlapping
subdomain has a bounded number of degrees of freedom as k — oo. Iterations are
terminated when the relative residual is below rtol=1E-10 or the number of iterations
exceeds 500.
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4.1 Different types of boundary conditions

We first compare the performance of three subdomain boundary condition strategies:
RAS-PML-Drch means that a PML is combined with a subdomain Dirichlet bound-
ary condition, as implied by (5). RAS-PML-Imp means that a PML is combined with
a subdomain impedance boundary condition, as described in §3(ii), while RAS-Imp
means that the PML is discarded and the impedance boundary condition (9) is im-
posed directly on subdomain boundaries. A comparison of these three strategies is
given in Table 1. RAS-PML-Imp exhibits superior performance over RAS-PML-
Drch, particularly at high frequencies, while RAS-Imp fails to converge at all for
high k.

To further enhance convergence, we use the Algorithm 1 as a preconditioner for the
Krylov method GMRES. The results in Table 2 show a significant improvement over
Table 1, with RAS-PML-Imp remaining the most effective. However, since GMRES
entails higher communication costs and offers little advantage when convergence
is already satisfactory, we only employ the simple Richardson iteration (5), (6) in
the following experiments. From now on, we refer to RAS-PML-Imp simply as
RAS-PML for brevity.

Table 1 The performance of RAS-PML-Imp, RAS-PML-Drch and RAS-Imp.

k, 6 in (10) with C, = 3/8, Cs = 1/6|RAS-PML-Imp |RAS-PML-Drch| RAS-Imp

k grid N pmlovlp iter relres iter relres iter relres
300 600> 4 8 4 12 1.88E-11 | 13 2.29E-11 30 6.44E-11
600 12002 16 11 5 17 9.15E-11 | 18 7.22E-11 43 7.13E-11
1200 2400 64 15 6 34 7.26E-11 | 35 8.83E-11 500 0.016
2400 4800° 256 18 8 77 8.98E-11 | 94 89IE-11 X -diverged-
4800 96007 1024 22 10 196 9.12E-11 |[500 1.17E-10 X -diverged-
9600 192007 4096 26 12 500 4.43E-08 x -diverged- % -diverged-

Table 2 Use GMRES to improve the performance of RAS-PML-Imp, RAS-PML-Drch and RAS-
Imp with slightly thin PML thickness.

k, ¢ in (10) with C, = 3/8, Cs = 1/6|RAS-PML-Imp|RAS-PML-Drch| RAS-Imp
k grid N pmlovlp iter relres iter relres iter relres

300 600> 4 8 4 11 7.86E-11 12 8.84E-11 29 6.71E-11
600 12002 16 11 5 19 6.90E-11 19 6.28E-11 41 8.34E-11
1200 2400 64 15 6 48 9.30E-11 49 9.31E-11 95 8.20E-11
2400 4800° 256 18 8 88 8.50E-11 91 5.30E-11 310 9.24E-11
4800 96007 1024 22 10 154 6.93E-11 |173 9.62E-11 500 4.49E-10
9600 19200% 4096 26 12 294 8.90E-11  [389 9.92E-11 500 9.24E-06
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4.2 Choice of PML and overlapping width

We next compare the convergence behavior of RAS-PML under different choices of
PML and overlap widths. Table 3 shows that with « chosen as a fixed multiple of
wavelength, RAS-PML eventually diverges, independently of whether ¢ contains a
fixed or logarithmically growing number of grid-points. In contrast, if « is chosen as
in (10) then convergence is obtained both for 6 chosen as a multiple of wavelength or
growing more quickly as in (10), with the latter producing the best iteration counts,
in fact with close to linear growth as frequency increases. Then Table 4 shows that
this strategy results in a total runtime that increases linearly with respect to k.

Table 3 The performance of RAS-PML with different PML and overlapping width.

| k=2% | K in (10) with C, = 1/2
k grid N | 6=22 |5in(10) withCs =1/6 s=1%& & in (10) with Cs = 1/6
pml ovlp iter|pml ovlp iter|pml ovlp iter ratio|pml ovlp iter ratio
300 600> 4 [25 8 6[25 4 7112 4 7- |12 4 7-
600 1200 16 |25 8 13|25 5 14[16 4 14200[16 5 14 2.00
1200 2400 64 25 8  26[25 6 3121 4 3122121 6 31221
2400 48007 256 (25 8 61|25 8 6126 4  722.32(26 8 60 1.94
4800 96007 1024|25 8  140[25 10 134|132 4 1492.07(32 10 119 1.98
9600 19200% 4096(25 8 x[25 12 >500[38 4 2982.00(38 12 224 1.88

Table 4 Time table where the total runtime increase with O (k).

k, 6 in (10) with C, = 1/2, Cs =1/6 rtol=1E-10

k grid N pml ovlp iter setup(s) solve(s)|total time(s) total/k
300 6002 4 12 4 7 0.95 0.27 1.22 0.0041
600 12002 16 16 5 14 1.12  0.68 1.80 0.0030
1200 2400% 64 21 6 31 1.40 1.87 3.27 0.0027
2400 4800> 256 26 8 60 1.67 4.39 6.06 0.0025
4800 96002 1024 32 10 119 1.94 11.20 13.15 0.0027
9600 19200% 4096 38 12 224 1.90 23.22 25.12 0.0026

5 Conclusion

We describe several improvements of our previous work [5, 3, 4] to develop a prac-
tical parallel RAS-PML method for solving high-frequency Helmholtz equations.
We apply both PMLs and impedance boundary conditions for subdomains to make
the method more robust. We show by experiment that allowing the PML width to
contain a logarithmically growing number of grid points can yield good convergence
rates without excessive computation and communication. Under a Cartesian covering
with O(k?) subdomains for 2D problems with O (k%) DoFs, numerical experiments
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demonstrate that both iteration counts and total runtime grow nearly linearly for the
increasing frequency k. Full details, analysis and extensions to variable wavespeed
and 3D are given in future work.
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