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1 Introduction

Numerical simulations of blood flow in the renal vasculature coupled with the
kidney tissue are useful for understanding the complex interplay between renal
hemodynamics and tissue perfusion at multiple scales, as well as the pathological
mechanisms in renal diseases and treatment planning. To simulate such a behavior
of blood flow, we consider a multiphysics model, the unsteady Navier-Stokes/Darcy
equations, that couples the blood dynamics in the renal vessels and kidney tissue.
This coupling captures hemodynamic features and accounts for complex interactions
between vessels and tissue, and has been applied in computational studies regarding
the heart [4] and liver [12].

Numerous studies have focused on developing numerical methods for solving this
kind of problem including decoupled methods [6, 8] and coupled methods [2, 1, 10,
11]. In the context of domain decomposition methods, decoupled methods naturally
separate the global system into two subsystems and then solve them iteratively
and independently by enforcing suitable compatibility interface conditions. The
efficiency of these methods depends on the careful choice of artificial interface
parameters [5, 7], especially for complex interfaces, such as those arising from
biological tissues. Coupled methods, in contrast, directly solve the global system
using efficient monolithic algorithms, avoiding the limitation of interface conditions,
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more versatile for complex multiphysics problems. In [11], a monolithic two-level
Schwarz method was introduced for the Stokes-Darcy problem based on a central-
line coarse preconditioner [9]. This method can be naturally extended to the Navier-
Stokes/Darcy system but involves various interpolations in the implementation.

To carry out the hemodynamic simulation within the patient-specific geometry,
this paper employs a Newton-Krylov algorithm to solve each nonlinear system at
each time step and the corresponding Jacobian system at each Newton step. A
two-level Schwarz method is implemented, in which a coarse-level component is
constructed using field-based subdomain characteristic functions. Compared with
[11], the proposed coarse preconditioner is simpler and easier to implement without
requirements of a centerline, a coarse mesh and interpolations. Moreover, the coarse
space dimension is low-dimensional, scaling linearly with the number of subdomains.
We present numerical experiments to verify the robustness and the scalability of the
proposed preconditioner on high-resolution unstructured tetrahedral meshes.

2 Mathematical model

Fig. 1 A patient-specific geometry including kidney tissue, major renal arteries and veins. (a) the
kidney tissue domain 
? , where �? is the boundary of 
? except for the interface �; (b) the inlet
�� , the outlet �$ and the interface �; (c) the vascular network
 5 including the major renal arteries
and veins, � 5 is its vascular wall.

We consider a patient-specific geometry including the major renal arteries, veins
as well as kidney tissue, reconstructed from medical images, as illustrated in Fig. 1.
Let 
 5 and 
? be the vessel domain and the tissue domain. � = 
 5 ∩ 
? is the
interface between the vessel and tissue. Denote by �� , �$, � 5 = m
 5 \ (�∪�� ∪�$)
and �? = m
? \ � the inlet, the outlet and the wall of vessels and the tissue,
respectively. To model the behavior of the blood flow in the vascular region 
 5

and the tissue region 
? , we consider the coupled unsteady Navier-Stokes/Darcy
equations
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d

�
mu 5

mC
+ (u 5 · ∇)u 5

�
− ∇ · T(u 5 � ? 5 ) = 0 in 
 5 × (0� )]�

∇ · u 5 = 0 in 
 5 × (0� )]�
u 5 (G� 0) = u0 (G) in 
 5 �

u 5 = u� on �� × (0� )]�
u 5 = 0 on � 5 × (0� )]�
−T(u 5 � ? 5 ) · n 5 = ?$n 5 on �$ × (0� )]�

(0
m??

mC
− ∇ · (K∇??) = 0 in 
? × (0� )]�

?? (G� 0) = ??�0(G) in 
? �
−K∇?? · n? = 0 on �? × (0� )]�

(1)

where u 5 = (D 5 �1� D 5 �2� D 5 �3) and ? 5 are the blood velocity and pressure in vessels,
respectively, d is the blood density, u0 is the initial velocity, u� is the inlet velocity,
?$ is the outlet pressure, T(u 5 � ? 5 ) = −? 5 I+2‘D(u 5 ) is the Cauchy stress tensor, I
is the identity tensor, ‘ is the dynamic viscosity, D is the deformation tensor defined
as D(u 5 ) = 1/2(∇u 5 + ∇)u 5 ), ?? is the pressure in the kidney tissue, (0 denotes
the mass storativity coefficient, K represents the permeability tensor assumed to be
homogeneous, i.e., K = :I, and ??�0 is a given initial pressure.

The model is completed by the following interface conditions on �

u 5 · n 5 = (K∇??) · n? � (2)
−n 5 · (T(u 5 � ? 5 ) · n 5 ) = ?? � (3)
−38 · (T(u 5 � ? 5 ) · n 5 ) = U38 · u 5 � 8 = 1� 2 (4)

where n 5 and n? denote the unit outward normal vectors to the fluid region and
the porous medium region, respectively, particularly n 5 = −n? on the interface,
{38}2

8=1 denote the unit tangential vectors to the interface and U is a parameter in the
Beavers-Joseph-Saffman condition (4).

3 Two-level additive Schwarz preconditioner with a field-based
subdomain characteristic coarse preconditioner

To numerically solve the problem (1)–(4), we first generate a shape-regular unstruc-
tured tetrahedral mesh T� including T 5

�
in 
 5 and T ?

�
in 
? which are matched on

the interface �. We use a stabilized P1-P1-P1 finite element method on the unstruc-
tured mesh and the second-order backward differentiation formula to discretize this
problem in the finite element space, denoted by +�, leading to a nonlinear system at
the =th time step

�= (-=) = 0� (5)

where -= denotes the unknown vector. To solve (5), we employ a Newton-Krylov-
Schwarz method [3]. To accelerate the convergence of Krylov subspace iterations, we
focus on the design of a two-level additive Schwarz preconditioner in the following.
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Fig. 2 Schematic of an overlapping partition of a patient-specific kidney, where the overlap region
between subdomains is marked in gray.

Based on T�, we partition the computational domain 
 into #2 = #
5
2 + #

?
2

nonoverlapping subdomains {
0
8
}#2
8=1 including # 5

2 vascular subdomains {
0
8� 5

}#
5
2

8=1

and # ?2 tissue subdomains {
0
8� ?

}#
?
2

8=1 . Each nonoverlapping subdomain 
0
8

is then
extended to form an overlapping subdomain
X

8
by including X neighboring layers of

elements in T�, as illustrated in Fig. 2. The overlap is also introduced for subdomains
that intersect with the interface �, to ensure the information exchange across the
interface. The one-level Schwarz preconditioner "−1

1B of the linearized matrix �

from (5) is defined as "−1
1B =

˝#2
8=1 (’

0
8
)) �−1

8
’8 , where ’0

8
and ’8 are the restriction

matrices defined on the nonoverlapping and overlapping subdomains, and �8 =

’8�’
)
8

. Incorporating a coarse preconditioner into the one-level method, we obtain
a two-level additive Schwarz preconditioner

"−1
2B = ’

)
2 �

−1
2 ’2 + "−1

1B � (6)

where ’2 is a coarse restriction matrix and the coarse matrix �2 can be obtained by
�2 = ’2�’

)
2 . In the following, we focus on the construction of ’2. For nonover-

lapping subdomains, using a field-based strategy, we first introduce vector-valued
characteristic finite element functions

> 5

8�D
(G 9
5
) =

�
(1� 1� 1)� G 9

5
∈ 
0

8� 5

(0� 0� 0)� otherwise
� 8 = 1� 2� � � � � # 5

2 � (7)

for the velocity field u 5 , and scalar characteristic finite element functions

iI
8� ?

(G 9I ) =
�

1� G 9I ∈ 
0
8�I

0� otherwise
� 8 = 1� 2� � � � � # I2 � (8)

for the pressure fields ?I with I ∈ { 5 � ?}, where
n
G8
5

o# 5

8=1
and

�
G8?

	# ?
8=1 are fine mesh

points in T 5

�
and T ?

�
, respectively. We then define the finite element coarse space
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+2
�

as

+2� = span
�
> 5

1�D� � � � � >
5

#
5
2 �D

�
× span

�
i
5

1� ? � � � � � i
5

#
5
2 � ?

�
× span

n
i
?

1� ? � � � � � i
?

#
?
2 � ?

o
�

Based on the coarse space +2
�

, we finally define the coarse restriction matrix ’2 as

’2 =
'›«
�D 0 0
0 �? 0
0 0 	?

“fi‹ ��D = (> 5

8�D
(G 9
5
))��? = (i 5

8� ?
(G 9
5
))�	? = (i?

8� ?
(G 9?))� (9)

Remark 1 The characteristic finite element functions (7) and (8) are locally sup-
ported in the nonoverlapping subdomains. A general extension to overlapping sub-
domains is straightforward by introducing suitable partition of unity functions on
the overlap regions [13].

Remark 2 Note that the restriction matrix ’2 is constructed using a field-based
approach, resulting in a dimension of 2# 5

2 + # ?2 . For the comparison, similarly, we
define the restriction matrix using a component-wise approach [9], i.e., using the
same functions (8) for the pressure fields ?I with I ∈ { 5 � ?}, and for each component
of the velocity field u 5 , introducing scalar characteristic finite element functions

i
5

8�D
(G 9
5
) =

�
1� G 9

5
∈ 
0

8� 5

0� otherwise
� 8 = 1� 2� � � � � # 5

2 �

The resulting component-based coarse restriction matrix has a larger dimension of
4# 5

2 + # ?2 than the field-based one.

4 Numerical experiments

In this section, we present some numerical experiments to validate the efficiency and
scalability of the proposed method for the simulation of blood flows in a patient-
specific kidney in a cardiac cycle ) = 1 s. In all simulations, we set the viscosity
‘ = 0�035 g/(cm·s), the density d = 1�06 g/cm3, the parameter U = 1 g/(cm2·s), the
permeability : = 4×10−5 cm3 ·s/g and the storativity (0 = 10−8 cm·s2/g. A pulsatile
and periodic velocity waveform, as described in [11], with a peak systolic velocity
of 40 cm/s and a parabolic velocity profile is applied in the inlet, and a constant
pressure value of 10 mmHg for ?$ is prescribed on the outlet. All numerical tests
are performed with a fixed time step size �C = 0�01 s. We use a right-preconditioned
GMRES method as the linear solver, the LU method and the incomplete LU (ILU)
method with a fill-in level of 2 as the coarse solver and subdomain solvers. The
nonlinear and linear iterations stop when one of the relative and absolute residuals
reaches 10−4 and 10−6, respectively. All numerical experiments are implemented in
MATLAB.




