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1 Introduction

Time-harmonic scalar wave propagation can be modeled by the Helmholtz equation:

−Δ𝑢 − 𝑘2𝑢 = 𝑓 ,

where 𝑘 > 0 is the wave number, 𝑢 the unknown field, and 𝑓 a given source. Boundary
conditions (and/or radiation conditions if the problem is defined in an unbounded
domain) are imposed to ensure a well-posed problem. For numerical solutions, the
computational domain is truncated, and the finite element method gives a linear
system

Au = b, (1)

where A ∈ C𝑁×𝑁 is sparse, non-singular, and typically non-Hermitian. The unknown
and the given source are u, b ∈ C𝑁 . To guarantee the accuracy of the solution and
counteract the pollution effect, the system can be very large.

Krylov solvers such as GMRES are well-suited for solving these large non-
Hermitian linear systems. However, the convergence can be extremely slow due
to the highly indefinite nature of the problem. Then, well-designed acceleration
techniques, such as domain decomposition methods, are often necessary to ensure
convergence within a reasonable time frame.

The numerical solution is even more difficult for quasiresonant Helmholtz prob-
lems. Quasimodes occur when a Helmholtz problem with Sommerfeld radiation
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conditions is solved in an unbounded domain. They refer to an increasing sequence
of wave numbers such that the norm of the inverse operator increases quickly [8]:

Definition 1 (Quasimodes [8, Definition 1.1]) Let𝐻1
loc (Ω) be the space of functions

locally in 𝐻1 (Ω), where Ω ⊂ R2 is unbounded. A family of Dirichlet (or Neumann)
quasimodes with quality 𝜖 (𝑘) is a sequence

{(
𝑢 𝑗 , 𝑘 𝑗

)}∞
𝑗=1 ⊂ 𝐻1

loc (Ω) × R, where
𝑢 𝑗 = 0 (or 𝜕𝒏𝑢 𝑗 = 0) on Γ, such that 𝑘 𝑗 → ∞ as 𝑗 → ∞, and there exists a compact
set 𝐾 ⊂ Ω such that, for all 𝑗 ,

supp(𝑢 𝑗 ) ⊂ 𝐾, ∥−Δ𝑢 𝑗 − 𝑘2
𝑗𝑢 𝑗 ∥𝐿2 (Ω) ≤ 𝜖 (𝑘 𝑗 ), and ∥𝑢 𝑗 ∥𝐿2 (Ω) = 1.

The effect of quasimodes on the GMRES convergence has been studied [4, 8], but
not in the context of domain decomposition methods. In this work, we investigate
the impact of quasimodes and the deflation of their approximate expressions on the
GMRES convergence, within the framework of domain decomposition.

2 GMRES convergence

Here, we briefly present the Generalized Minimal Residual (GMRES) method [9]
and its properties, and we introduce a residual estimate based on the harmonic Ritz
(HR) values.

GMRES is an iterative algorithm for solving general linear systems such as (1),
which seeks approximate solutions in the Krylov subspaces

K𝑙 (A, r0) := span{r0,Ar0,A2r0, . . . ,A𝑙−1r0}, for 𝑙 < 𝑁,

where r0 := b − Ax0 is the initial residual, with x0 an initial guess. At each iteration
𝑙 < 𝑁 , the approximate solution is computed such that the two-norm of the residual
r𝑙 := b − Ax𝑙 is minimized:

x𝑙 := argminx∈x0+K𝑙 (A,r0 ) ∥b − Ax∥2 ∈ x0 + K𝑙 (A, r0). (2)

To study the GMRES convergence, it is usual to consider an equivalent problem
for (2) by expressing the residual at iteration 𝑙 such that:

∥r𝑙 ∥2 = min𝑞𝑙∈P1
𝑙
∥𝑞𝑙 (A)r0∥2, (3)

where P1
𝑙

is the set of polynomials of degree at most 𝑙 with the constraint 𝑞𝑙 (0) =
1 [5]. Here, the notation 𝑝𝑙 ∈ P1

𝑙
refers to the polynomial such that r𝑙 = 𝑝𝑙 (A)r0.

Many GMRES convergence bounds are established in the literature, see e.g. [5].
However, most of them fail to capture the non-linear behavior of the convergence rate,
which is typically observed for quasiresonant Helmholtz problems [4]. Harmonic
Ritz (HR) values, which approach the eigenvalues of A during iterations [11, Chapter
26], can be used to interpret the non-linear behavior of the GMRES convergence
rate [2, 4].
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Definition 2 (Harmonic Ritz (HR) values) At iteration 𝑙 > 0, the harmonic Ritz
values {𝜈 (𝑙)

𝑗
}
𝑙

𝑗=1
are the roots of the minimizing polynomial 𝑝𝑙 ∈ P1

𝑙
from (3).

Theorem 1 (See [4, Theorem 2.6]) Let A be a non-singular and diagonalizable
matrix. Let 𝐽 ∈ [1, 𝑙]. Consider:
• a set 𝑁 (𝑙)

𝐽
of 𝐽 HR values at iteration 𝑙;

• a set Λ𝐽 of 𝐽 eigenvalues of A;
• the set Λ𝑐

𝐽
:= 𝜎(A) \ Λ𝐽 of the other eigenvalues of A;

• 𝑠𝑙
𝐽
(𝑧) :=

∏
𝜆 𝑗 ∈Λ𝐽

(
1 − 𝑧/𝜆 𝑗

)
·∏

𝜈
(𝑙)
𝑗

∈𝑁 (𝑙)
𝐽

(
1 − 𝑧/𝜈 (𝑙)

𝑗

)−1
.

Then, for any 𝑚 > 0 such that 𝑙 + 𝑚 < 𝑁 , the local relative residual satisfies

∥r𝑙+𝑚∥2
∥r𝑙 ∥2

≤ ©­«
∑︁

𝜆𝑖∈Λ𝑐
𝐽

𝜅(𝜆𝑖)ª®¬ max
𝜆𝑖∈Λ𝑐

𝐽

��𝑠𝑙𝐽 (𝜆𝑖)�� min
𝑞𝑚∈P1

𝑚

max
𝜆𝑖∈Λ𝑐

𝐽

|𝑞𝑚 (𝜆𝑖) | ,

with 𝜅(𝜆𝑖) := ∥v̂𝑖 ∥2∥v𝑖 ∥2, where v̂𝑖 and v𝑖 ∈ C𝑛 are the left and right eigenvectors
associated to 𝜆𝑖 ∈ 𝜎(A), with v̂∗

𝑖
v𝑖 = 1 (see [11, Chapter 52]).

As explained in [4], if all the HR values of 𝑁 (𝑙)
𝐽

are close to the eigenvalues
in Λ𝐽 at iteration 𝑙, then max𝜆𝑖∈Λ𝑐

𝐽
|𝑠𝑙
𝐽
(𝜆𝑖) | ≈ 1. For the following iterations, the

convergence bound then depends only on the other eigenvalues in Λ𝑐
𝐽
.

The non-linear GMRES convergence rate behavior can be interpreted in local
steps with the ratio ∥r𝑙+𝑚∥2/∥r𝑙 ∥2.

3 Domain decomposition preconditioning with deflation

To deal with large-scale Helmholtz problems such as (1), it can be necessary to resort
to domain decomposition methods. Also, the presence of quasiresonances can hinder
the GMRES convergence, and deflation is a useful tool to remove such effect [4]. In
this section, we present both methods and their combination.

The computational domain Ω is decomposed into S overlapping subdomains
Ω𝑠 (𝑠 = 1, . . . ,S), with 𝑛𝑠 the local number of inside dofs.

The one-level method used here is the Optimized Restricted Additive Schwarz
(ORAS) preconditioner [3]. It requires restriction matrices R𝑠 ∈ R𝑛𝑠×𝑁 , which
restrict a global vector to the subdomain Ω𝑠 , and the transpose R𝑇

𝑠 that extends a
local vector by zero outside Ω𝑠 . Define diagonal matrices D𝑠 ∈ R𝑛𝑠×𝑛𝑠 such that

I =
∑S

𝑠=1 R𝑇
𝑠 D𝑠R𝑠 ∈ R𝑁×𝑁 .

Then, by noting B𝑠 ∈ C𝑛𝑠×𝑛𝑠 the local matrices of discretized physical problem,
with impedance boundary conditions (BC) on the subdomains interfaces, the ORAS
preconditioner reads

M−1
oras :=

∑S
𝑠=1 R𝑇

𝑠 D𝑠B−1
𝑠 R𝑠 .
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Deflation removes some well-chosen eigenvalues of A by using projection oper-
ators, see e.g. [6]. We assume that we have an exact or approximate expression of
𝑛def ≪ 𝑁 eigenvectors, which we store in the columns of a matrix Z ∈ C𝑁×𝑛def .

Definition 3 (Deflation matrices) Let Z ∈ C𝑁×𝑛def be a full rank matrix such that
ker(Z∗) ∩ range(AZ) = {0}, and let E := Z∗AZ ∈ C𝑛def×𝑛def and Q := ZE−1Z∗. The
deflation matrices are defined as

Pdef := I − AQ and Qdef := I − QA.

The deflation matrices are projectors onto the complement of the deflated sub-
space. Applying Pdef or Qdef to A removes the components associated with the
deflated eigenvectors.

To combine deflation with domain decomposition preconditioning, we consider
here the adapted deflation preconditioner Padef defined as Padef := M−1

orasPdef + Q.
The deflated and preconditioned problem to solve is then�� Find x ∈ C𝑁 such that APadefu = b, x = Padefu. (4)

To ensure the non-singularity of (4), the required conditions [6, Theorem 3.10] are

ker(Z∗) ∩ range (AZ) = {0} and ker(Z∗) ∩ range (MorasZ) = {0}. (5)

If the columns of Z are eigenvectors of A, then the hypothesis of Definition 3 holds
and E is invertible. In practice, we assume that the second condition of (5) is satisfied.

4 Numerical investigations

Fig. 1 Left: real part of the solution of (6). Right: domain decomposition (S = 16) with the mesh.

We consider the scattering of a time-harmonic plane wave with incident angle 𝜃
𝑢inc (𝑥, 𝑦) = 𝑒𝑖𝑘 (cos(𝜃 )𝑥+sin(𝜃 )𝑦) , by an obstacle O in R2 with Neumann BC on its
surface Γobs.

The computational area is restricted to a rectangular domain Ωdom = (−𝐿𝑥 , 𝐿𝑥) ×
(−𝐿𝑦 , 𝐿𝑦) \ O and surrounded with perfectly matched layers (PMLs) Ωpml, of thick-
ness 𝐿pml [1]. The external boundary is denoted by Γext. The PML formulation



Preconditioning of GMRES for Helmholtz problems with quasimodes 333

consists in a change of variables, with complex-valued stretching functions

𝛾𝑥 (𝑥) := 1 + 𝑖𝜎𝑥 (𝑥)/𝑘, 𝛾𝑦 (𝑦) := 1 + 𝑖𝜎𝑦 (𝑦)/𝑘,

where𝜎𝑥 (𝑥) := 1pml (𝑥)/
(
𝐿pml − |𝑥 | + 𝐿𝑥

)
and𝜎𝑦 (𝑦) := 1pml (𝑦)/

(
𝐿pml − |𝑦 | + 𝐿𝑦

)
.

The scattered field 𝑢 then satisfies:
𝜕𝑥

(
𝛾𝑦/𝛾𝑥𝜕𝑥𝑢

)
+ 𝜕𝑦

(
𝛾𝑥/𝛾𝑦𝜕𝑦𝑢

)
+ 𝛾𝑥𝛾𝑦𝑘2𝑢 = 0 in Ωdom ∪Ωpml,

𝜕𝒏𝑢 = −𝜕𝒏𝑢inc on Γobs,

𝑢 = 0 on Γext.

(6)

The obstacle O is an open rectangular cavity (see Fig. 1) of length 𝐿O and opening
width 𝑙O . For this configuration, quasimodes are expected (see Definition 1).

They induce small eigenvalues [4] when the wave numbers are close to the
resonance frequencies of a closed rectangular cavity with Neumann BC on all sides
except the left edge (Dirichlet), given by

𝑘𝑛,𝑚 = 𝜋

√︃
(𝑚 + 1/2)2/𝐿2

O + 𝑛2/𝑙2O , 𝑚, 𝑛 > 0. (7)

The eigenvectors associated with the small eigenvalues resulting from the quasi-
modes are close to the eigenmodes of the corresponding closed configuration.

Discretization by finite elements leads to a linear system Au = b, where the
matrix A is complex, has complex-valued eigenvalues, and is non-normal.

The following parameters are chosen: 𝐿O = 1.3, 𝑙O = 0.4, 𝜃 = 4𝜋/10,
𝑃3 elements, tol = 10−6. For the first set of experiments, the number of dofs
per wavelength is fixed to 10, for a total of about 𝑁 ≈ 3.104. The second experi-
ments are performed with 5 dofs per wavelength and 𝑁 ≈ 1.105, at a higher wave
number.

For running the numerical experiments, we used the framework FFDDM [10]
of FreeFEM [7]. The first experiments illustrate how quasimodes affect GMRES
convergence with ORAS preconditioning. The second set of experiments investigates
the influence of quasimodes and their deflation when coarse space preconditioners
are used.

Influence of quasimodes on the GMRES convergence with ORAS
preconditioning

We consider the wave number 𝑘 = 23.591 to be close to 𝑘0,3 in (7). We investigate
how the quasimodes affects the GMRES convergenceS = 8, 16 subdomains in Fig. 2
(right).

With S = 8 and 16 (black), a stagnation phase is observed during the mid-
iterations, before a fast convergence phase. This behavior is typical for quasiresonant
Helmholtz problems [4], and Theorem 1 gives an interpretation with HR values.
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Fig. 2 GMRES convergence with ORAS preconditioning for different number of subdomains S
(left). Spectrum of AM−1

oras and HR values trajectories for S = 16 (right).

The spectrum of AM−1
oras for S = 16 (Fig. 2, right) shows that there are a few small

eigenvalues with a small imaginary part, which are associated with quasimodes. The
positions of the HR values around iteration 50 are plotted in • gray, and they become
increasingly blue as the iteration increases up to 60.

We observe that for S = 16, the plateau of the residual matches the iterations
where the HR values approach the two smallest eigenvalues related to quasimodes.
At iteration 60, these small eigenvalues are well approached by HR values. From
this iteration, Theorem 1 indicates that the influence of the small eigenvalues on the
convergence is removed, so the convergence rate increases.

This analysis reveals that the plateau observed in the middle of the convergence
is due to the quasimodes and not only to the number of subdomains. However, it
should be noted that when the cavity is divided into a greater number of subdomains,
the plateau lasts longer.

In Fig. 2 (left), the same experiments were conducted by deflating the smallest
eigenvalue, using an approximation of the closed cavity mode, extended by zero
outside the cavity (pink). These experiments confirm that the plateaus are due to
quasimodes and disappear when the associated modes are deflated.

Influence of quasimodes with coarse spaces preconditioners

We now consider two-level preconditioners with coarse spaces (CS) built with
Dirichlet-to-Neumann (DtN) eigenproblems [3], and we investigate the influence
of quasimodes on the GMRES convergence. The same numerical experiments have
been carried out with H-GenEO CS [3] and have yielded similar results (not shown
here for sake of brevity).
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In Fig. 3, the evolution of the relative residual is plotted for 𝑘 = 102.11 (close to
𝑘0,13) with S = 16 and two coarse space sizes (𝑛CS).

In the residual history (green), the first stagnation phase is related to the number of
subdomains, and it is significantly reduced by the coarse space. However, several late
plateaus remain. By deflating the small eigenvalues associated with the quasimodes,
the late stagnation phases disappear (pink). So, these late plateaus are due to the
quasimodes. The GMRES convergence preconditioned by this type of coarse space
is therefore also hindered by the quasimodes.
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Fig. 3 GMRES convergence with DtN CS, with and without additional deflation contribution for
𝑘 = 102.11 and S = 16.

𝑛CS + 𝑛def = 32 𝑛CS + 𝑛def = 144
CS

composition
𝑛CS = 32
𝑛def = 0

𝑛CS = 0
𝑛def = 32

𝑛CS = 16
𝑛def = 16

𝑛CS = 144
𝑛def = 0

𝑛CS = 0
𝑛def = 144

𝑛CS = 128
𝑛def = 16

#iter 302 311 273 180 236 141

Table 1 Number of GMRES iterations for two second-level sizes comparing the contributions of
the DtN CS, deflation, and the combination of the two, for 𝑘 = 102.11, S = 16.

To deal with large-scale problems with quasimodes, it can be interesting to com-
bine standard coarse space preconditioning with deflation of quasimodes. Tab. 1
shows the number of GMRES iterations required to reach tol = 10−6, with two
fixed coarse space sizes (𝑛CS + 𝑛def = 32 or 144), by varying the contributions of the
DtN CS and of the deflation. The deflation only is the least efficient strategy, because
the local deflated vectors cannot handle the global exchange of information ensured
by the coarse spaces (first stagnation phase in Fig. 3). Using only the DtN CS is
efficient, but as previously mentioned, it is sensitive to the quasimodes. The third
and sixth columns correspond to using both DtN CS and deflation. This combined
approach is the most efficient.

For geometries with explicit or approximate expressions of the quasimodes,
adding a few deflated vectors to the coarse spaces can thus be worthwhile. Be-
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sides, in this case, it is a priori less costly numerically than increasing the size of a
coarse space.

5 Conclusion

This work highlighted the impact of quasimodes on the GMRES convergence in the
context of domain decomposition methods.

The study with HR values showed that dividing a quasiresonant cavity into several
subdomains generates small eigenvalues that hinder GMRES convergence. The more
the cavity is divided, the longer the stagnation phase.

Preconditioning with DtN coarse spaces is not sufficient to overcome the impact
of quasimodes. A combination of these preconditioners and deflation of quasimodes
is robust against the number of subdomains (coarse spaces contribution), and the
plateaus due to the small eigenvalues related to quasimodes (deflation contribution).
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