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1 Introduction

Overlapping Schwarz methods are one of the most extensively studied and widely
used domain decomposition approaches, both in theory and practice. A key compo-
nent of any two-level overlapping Schwarz preconditioner is the coarse space, which
is essential for ensuring robust convergence with respect to certain parameters as
well as numerical and parallel scalability as the number of subdomains increases.

The Generalized Dryja-Smith-Widlund (GDSW) coarse space, introduced in
[13, 14], has become a standard and robust choice for domain decomposition pre-
conditioners due to its ease of implementation, wide applicability, and good conver-
gence properties across diverse problem classes and discretizations. Its construction
is based on separating the contributions of vertices, edges, and faces of the interface
between subdomains, defining coarse basis functions for each of them, and finally
exploiting problem-dependent extension operators to the interior of subdomains. De-
spite its robustness, the dimension of this coarse space is known to increase rapidly
when applied to problems with many subdomains, especially for 3D problems.

Several strategies have been introduced to reduce the size of this coarse space,
for example, GDSW* [16, 17] and Reduced GDSW (RGDSW) [15]. Rather than
using separate basis functions for each interface component, in particular, GDSW*
combines the edge contributions with the vertex contributions while keeping the face
contributions separate. In contrast, RGDSW adds both face and edge contributions
to the contributions of the vertices connected to them. This can lead to significant
reductions in coarse problem size, especially in three dimensions where the number
of interface components grows rapidly.
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While various two-level Overlapping Schwarz methods have been studied for the
Finite Element Method (FEM), its application to the Virtual Element Method (VEM)
is more recent [6, 7, 8]. VEM is a FEM developed for polygonal and polyhedral
meshes, which is increasingly attractive for practical applications due to the flexibility
in mesh generation and the potential for non-conforming discretizations [2, 19, 20].

The goal of this work is to conduct a numerical study of two-level additive Schwarz
preconditioners employing the GDSW, GDSW*, and RGDSW coarse space variants
for VEM discretizations of the Poisson problem. We investigate the scalability of
both approaches on randomly seeded Voronoi meshes in 2D and 3D, and compare
their performance for low order polynomial degrees (: = 1� 2) and parallel core
counts (up to 1 000 cores). Our implementation combines the Vem++ library [9],
for constructing the VEM matrices, with our own parallel PETSc-based code of the
different GDSW variants which is part of our in-house FE2TI code; see also [5] for
a different application. Previous work that combined the Vem++ library with other
block-preconditioners and the Balancing Domain Decomposition by Constraints
(BDDC) method can be found in [3, 4, 11, 12]. Our results demonstrate the expected
scalability of the different variants of GDSW. Furthermore, GDSW* and RGDSW
achieve significant reductions in coarse problem size while maintaining competitive
convergence rates.

2 Virtual Element Method

We consider the Poisson problem with inhomogeneous Dirichlet boundary condi-
tions: Find | such that −�| = 5 in 
, | = 6 on m
, where 
 ⊂ R3 , 3 = 2� 3,
is a bounded polygonal domain, 5 ∈ !2 (
), and 6 ∈ �1/2 (m
). The weak for-
mulation reads: Find D ∈ �1

0 (
) such that 0(D� {) = � ({) ∀{ ∈ �1
0 (
), where

0(D� {) =
fl


∇D · ∇{ dG and � ({) =

fl


5 { dG −

fl


∇D̃ · ∇{ dG, with D̃ ∈ �1 (
)

satisfying D̃ |m
 = 6, and D = D̃ + |.
In the present work, we use the modified VEM spaces, which we only define for

2D, for brevity. For the 3D version and more details, see, e.g., [1, 10, 21]. Given
a polygonal tessellation T� of 
 with a maximum element size �, on each element
� ∈ T�, the modified local VEM space of order : ≥ 1 is defined as

+�� = {{ ∈ �1 (�) : {|m� ∈ �0 (m�)� { |4 ∈ P: (4) ∀ edge 4 ⊂ m�� �{ ∈ P: (�)�fl
�
({ − �∇

:
{)@ dG = 0 ∀@ ∈ M∗

:−1�: (�)}�

with degrees of freedom consisting of vertex values and, for : ≥ 2, edge and internal
moments. Here, �∇

:
: +�

�
→ P: (�) is the �1-projection onto polynomials of

degree≤ : and M∗
:−1�: (�) is the space of scaled monomials of exactly degree : − 1

and : . The local discrete bilinear form on each element � is constructed as

0�� ({�� |�) = 0
� (�∇

: {���
∇
: |�) + B

�
� ({� − �

∇
: {�� |� − �

∇
: |�)�
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where 0� (·� ·) is the exact bilinear form restricted to � , and B�
�
(·� ·) is a stability

term computable from the degrees of freedom. The global bilinear form is then
0� ({�� |�) =

˝
�∈Tℎ 0

�
�
({�� |�). We use a variant of the d-recipe stabilization for

the VEM discretization in both 2D [18] and 3D [10]. The right-hand side term is
given by �� ({�) = � (�0

:
{�), where �0

:
is the !2-projection onto polynomials of

degree ≤ : , which is computable from the degrees of freedom as well.
The global VEM space is +� = {{ ∈ �1

0 (
) : {|� ∈ +�
�
∀� ∈ T�}, and the VEM

solution D� ∈ +� satisfies 0� (D�� {�) = �� ({�)∀{� ∈ +�. In the following, we will
assume the polynomial degree of the Virtual Element spaces to be : = 1 or : = 2.

3 Overlapping Schwarz Method with GDSW

The additive two-level GDSW preconditioner for the VEM discretization is given by

"−1
GDSW = � −1

0 �) +
#Õ
8=1

’)8  
−1
8 ’8 �

where ’8 are restrictions to overlapping subdomains 
8 and the local stiffness ma-
trices are extracted from  by  8 = ’8 ’)8 , for 8 = 1� ���� # . Additionally, ’0 := �)
is the restriction operator from the VE space to the coarse space, and  0 = ’0 ’

)
0

is the coarse matrix.
The matrix� contains the GDSW coarse space basis functions q8 for 8 = 1� ���� #q

in its columns, where #q is their total number. These basis functions are constructed
by separating the contributions of vertices V, edges E, and faces F of the inter-
face, and defining for each component P ∈ {V� E� F } its corresponding interface
function qP to be 1 on all nodes belonging to P and 0 on all the other interface
components. As a result, the coarse basis functions form a partition of unity on the
interface. The interior part of the coarse function is then given by q� = − −1

� �
 �PqP ,

where  � � denotes the block corresponding to the interior degrees of freedom � and
 �P the coupling block of the interior degrees of freedom and the part of the inter-
face denoted by P, extracted from the stiffness matrix  . If P is the 8-th component
after enumerating the vertices, edges, and faces, then q8 = (q� � qP). Since  is
symmetric positive definite in our model problem, the coarse basis functions form a
partition of unity on the whole domain 
.

Reduced GDSW (RGDSW) [15]. The RGDSW coarse space is a variant of
the standard GDSW coarse space, designed to reduce the dimension of the coarse
problem while maintaining robust convergence properties. For each vertex v of the
domain decomposition, we define the corresponding RGDSW basis function qv as
follows. Let Fv denote the (open) set of all face degrees of freedom connected to v
across different subdomains, =F the number of subdomains sharing a face F , and Ev
denote the (open) set of all edge degrees of freedom connected to vertex v. Lastly, let
Pv := {v} ∪ Ev ∪ Fv be the union of these sets. The basis function qv is constructed
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by prescribing the following values at the interface degrees of freedom:

qPv (G) =

8>>>>>><>>>>>>:
1 G = v�
0�5 G ∈ Ev�

1
=Fv

G ∈ Fv�

0 else�

Once these interface values are specified, the interior part of the basis function is
computed by solving a local problem, analogous to the GDSW case.

GDSW* [16, 17]. For 3D problems, the GDSW* coarse space is an intermediate
variant between GDSW and RGDSW, designed to reduce the dimension of the coarse
problem by combining only vertex and edge contributions, while treating faces
separately as in the standard GDSW approach. Since the interface decomposition
of 2D problems consists only of vertices and edges (and no faces) the GDSW* and
RGDSW coarse spaces coincide in this case. The GDSW* coarse space consists of
two types of basis functions:

• Vertex-edge basis functions: For each vertex v of the domain decomposition, we
define a basis function qv that combines the vertex with its connected edges.
Let Ev denote the (open) set of all edge degrees of freedom connected to vertex
v, and let P̄v := {v} ∪ Ev be their union. The basis function is constructed by
prescribing:

q P̄v
(G) =

8>>><>>>:
1 G = v�
0�5 G ∈ Ev�

0 else�

• Face basis functions: For each face F of the domain decomposition interface, we
define a separate basis function qF exactly as in the standard GDSW approach.
The function is set to 1 on all degrees of freedom belonging to F and 0 on all
other interface components.

The interior part of each basis function is again computed analogously to the GDSW
case. This construction yields a coarse space that is larger than RGDSW but smaller
than the full GDSW coarse space, as it eliminates the separate edge basis functions
while retaining the face contributions. Let us note that in all three cases (GDSW,
RGDSW, GDSW*) a partition of unity is built on 
 and only the number of coarse
basis functions varies.

4 Numerical Results

We present numerical results for the solution of the Poisson problem on the unit
square in 2D and on the unit cube in 3D using the Virtual Element Method (VEM) of
degree : = 1� 2. The computational domains are discretized using randomly seeded




