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1 Introduction

The convex programming task (see e.g. [9]) is to minimize a linear functional 𝑐[𝑧]
subject to the constraint that 𝑧 belongs to a convex set Q. The calligraphic font
emphasizes that Q is a subset of a function space (so 𝑧 is a function; see [7]). A
barrier F for Q is a convex function which equals +∞ on the boundary of Q. The
central path is given by

𝑧∗ (𝑡) = arg min
𝑧∈Q

f(𝑧, 𝑡), where f(𝑧, 𝑡) = 𝑡𝑐[𝑧] +F(𝑧).

Under standard regularity conditions the map 𝑡 ↦→ 𝑧∗ (𝑡) is well-defined and traces a
family of minimizers for 𝑐[𝑧]. The classical barrier method proceeds by computing
𝑧∗ (𝑡𝑘) for a monotone increasing sequence 0 < 𝑡1 < 𝑡2 < · · · . Each new iterate
𝑧∗ (𝑡𝑘+1) is obtained by minimizing f(·, 𝑡𝑘+1) initialized at the previous point 𝑧∗ (𝑡𝑘);
this local re-optimization is often called the “return to the center.”

The Multi-Grid-Barrier (MGB) algorithm generates the sequence {𝑧∗ (𝑡𝑘)}𝑘 by
performing Newton steps on a multi-grid hierarchy of function spaces. In [6], the
method is used with finite element spaces to solve 𝑝-Laplace problems, while in [8],
a similar method is developed for spectral element spaces. Under some conditions,
these two algorithms converge in 𝑂̃ (1) Newton steps. We refer to the common part
of these two algorithms as the Algebraic Multi-Grid-Barrier (AMGB) method. In
the present paper, we describe algorithm AMGB.

The word “Algebraic” indicates that the algorithm operates on input matrices that
denote the various function subspaces and grid transfer operators, as well as using
a black-box barrier function. These matrices are generated by separate “geometric”
modules that produce various finite element or spectral element function spaces in 1d,
2d or 3d and the corresponding differential and grid transfer operators and quadrature
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rules. This terminology is consistent with its use in the domain decomposition
literature [1].

We also mention the Algebraic Multigrid algorithm [10] for linear problems,
which infers the grid transfer operators directly from the stiffness matrix, thus reliev-
ing the geometric code of that particular duty. Inferring the grid transfer operators
directly from the stiffness matrix is convenient on domains with complex shapes
where the grid transfer operators cannot easily be derived from the recursive subdi-
vision of a simple coarse grid. Such an approach could also be combined with our
algorithm AMGB for nonlinear problems but this discussion is beyond the scope of
the present paper.

We begin by describing the functional analytic framework. Let Ω ⊂ R𝑑 be a
domain and fix 𝑒 ≥ 1. For each 𝑥 ∈ clΩ let 𝑄(𝑥) ⊂ R𝑒 be a closed, convex set with
nonempty interior 𝑄◦ (𝑥). Define

Q = {𝜙 : Ω → R𝑒 such that 𝜙(𝑥) ∈ 𝑄(𝑥) for a.e. 𝑥 ∈ Ω} . (1)

Assume 𝐷 is a linear operator; this will usually be a differential operator as follows.
For 𝑒′ ≥ 1 and a sufficiently smooth function 𝑧 : Ω → R𝑒′ assume that 𝐷 is
a differential operator with constant coefficients such that 𝐷𝑧 : Ω → R𝑒. Fix
𝑝 ≥ 1 and let 𝑊 ⊂ 𝐿 𝑝 (Ω;R𝑒′ ) be a subspace contained in the domain of 𝐷. Let
𝑔 ∈ 𝐿 𝑝 (Ω;R𝑒′ ) also lie in the domain of 𝐷; 𝑔 need not belong to 𝑊 and will be
used to encode Dirichlet data. Finally take 𝑐 ∈ 𝐿 𝑝′ (Ω;R𝑒′ ) with 1/𝑝 + 1/𝑝′ = 1,
and consider the convex optimization problem

inf
𝑧∈𝑊+𝑔
𝐷𝑧∈Q

∫
Ω

𝑐(𝑥) [𝑧(𝑥)] 𝑑𝑥. (2)

We assume a unique minimizer exists and denote it by 𝑧∗.
We assume that we have a multi-grid hierarchy 𝑉1 ⊂ . . . ⊂ 𝑉𝐿 with 𝐿 grid levels.

In the finite element case [6], 𝑉 𝑗 corresponds to a finite element space with grid
parameter ℎ 𝑗 , where ℎ1 > . . . > ℎ𝐿 is a sequence of grid parameters. In the spectral
element case [8], 𝑉 𝑗 is the space of polynomials of degree 2 𝑗 . To each 𝑗 = 1, . . . , 𝐿
we associate a quadrature rule

∫ ( 𝑗 )
Ω

. This allows us to introduce the discretized
central path

𝑧𝑘 = arg min
𝑧∈𝑉𝐿+𝑔

f𝐿 (𝑧, 𝑡𝑘), where f𝐿 (𝑧, 𝑡) =
∫ (𝐿)

Ω

𝑡𝑐(𝑥) [𝑧(𝑥)] + 𝐹 (𝐷𝑧(𝑥)) 𝑑𝑥; (3)

where 𝑘 = 1, 2, . . . The multi-grid central path is then:

𝑧
𝑘+ 𝑗

𝐿

= arg min
𝑧∈ 𝑧̂𝑘+𝑉𝑗

f𝐿 (𝑧, 𝑡𝑘+1), 𝑗 = 1, . . . , 𝐿 − 1. (4)

Note that the multi-grid central path 𝑧
𝑘+ 𝑗

𝐿

on coarse grid level 𝑗 actually uses the
fine grid quadrature rule for grid level 𝐿, as indicated by the subscript 𝐿 on f𝐿 .
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Our paper is organized as follows. In Section 2, we give the details of algorithm
AMGB. In Section 3, we give some numerical experiments. The implementation is
available online at the following address:
https://github.com/sloisel/MultiGridBarrier.jl.

2 Algorithm AMGB

For a twice differentiable objective function 𝜙 and starting point 𝑥0, the Newton
iteration computes the minimizer 𝑥∗ of 𝜙 on an open convex domain Q◦ using the
recurrence 𝑥𝑘+1 = 𝑥𝑘 − 𝑠𝑘𝑛𝑘 , where 𝑛𝑘 = [𝜙′′ (𝑥𝑘)]−1𝜙′ (𝑥𝑘).

As suggested in [2, (9.16)] or [9, Section 2.4.3], we choose the step size 𝑠𝑘 by
exact line search, using the Illinois algorithm [4]. We regard this as a rootfinding
problem for the function 𝜂(𝑠) = 𝑛𝑇

𝑘
𝜙′ (𝑥𝑘 − 𝑠𝑛𝑘), because rootfinding is more robust

than minimization in floating point arithmetic at tight tolerances.
We restrict the line search to an interval 𝑠𝑘 ∈ (0, 𝑏] with 𝑏 ≤ 1 chosen as follows.

If 𝑥𝑘 − 𝑛𝑘 ∈ Q◦ then we just let 𝑏 = 1. Otherwise, we “backtrack”, i.e. we iteratively
set 𝑏 = 1, 𝛽, 𝛽2, . . . with 𝛽 = 0.1, until 𝑥𝑘 − 𝑏𝑛𝑘 ∈ Q◦. We terminate the overall
Newton iteration if {𝜙(𝑥𝑘+1) ≥ min0≤ 𝑗≤𝑘 𝜙(𝑥 𝑗 ) and ∥𝜙′ (𝑥𝑘+1)∥2 ≥ 𝜃∥𝜙′ (𝑥𝑘)∥2},
where 𝜃 = 0.1. The first part of the stopping criterion should never happen in exact
arithmetic, so it indicates that 𝜙(𝑥𝑘) − 𝜙(𝑥∗) = 𝑂 (𝜖), where 𝜖 ≈ 2.22 × 10−16 is
the machine epsilon. This only implies that 𝑥𝑘 − 𝑥∗ ∼

√
𝜖 , which is hopefully close

enough that Newton steps converge quadratically. The second part of the stopping
criterion indicates that quadratic convergence is failing, which should occur when
𝑥𝑘 − 𝑥∗ ∼ 𝜖 so that roundoff becomes too significant.

Our implementation of the Newton method is denoted 𝑥∗ = Newton(𝜙, 𝑥0,maxit),
which computes 𝑥∗ in double precision arithmetic in at most maxit iterations. If the
Newton method has not converged after maxit iterations, then Newton(𝜙, 𝑥0,maxit) =
error, where error is a special value indicating the failure to converge.

We choose a basis for the finest space 𝑉𝐿 , and we denote by 𝑅 𝑗 a matrix whose
columns form a basis for the coarser subspace 𝑉 𝑗 ⊂ 𝑉𝐿 . The matrices 𝑅 𝑗 are also
sometimes called “grid transfer matrices”. For simplicity, we assume that 𝑧

𝑘+ 𝑗

𝐿

is
computed “exactly” (i.e. to the limit of floating point arithmetic), ultimately by way
of Newton iterations (see below).

In double precision arithmetic, given 𝑧
𝑘+ 𝑗

𝐿

and 𝐽 > 𝑗 and maxit = 8, consider
the program

function 𝜂(𝑧
𝑘+ 𝑗

𝐿

, 𝑡𝑘+1, ( 𝑗 , 𝐽]) :
𝜙 := 𝑤 → f𝐿 (𝑧𝑘+ 𝑗

𝐿

+ 𝑅𝐽𝑤, 𝑡𝑘+1)
𝑤 := Newton(𝜙, 0,maxit)

return

{
error if 𝑤 = error,

𝑧
𝑘+ 𝑗

𝐿

+ 𝑅𝐽𝑤 otherwise.
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We think of 𝜂 as an imperfect implementation of the mathematical function
𝜂(𝑧

𝑘+ 𝑗

𝐿

, 𝑡𝑘+1, ( 𝑗 , 𝐽]) = 𝑧𝑘+ 𝐽
𝐿
, which is our basic “return to center” step. The im-

plementation 𝜂 is imperfect because it may return the special value error if the
Newton iteration fails to converge in at most maxit = 8 iterations. This error result
can have two main causes:1 either (P1) 𝐽 is much larger than 𝑗 , or (P2) 𝑡𝑘+1 is much
larger than 𝑡𝑘 . We can alleviate problem (P1) by a “Divide and Conquer” approach
in the 𝑗 variable.

function DivideAndConquer(𝑧
𝑘+ 𝑗

𝐿

, 𝑡𝑘+1, ( 𝑗 , 𝐽]) :
if 𝑗 = 𝐽 or 𝑧

𝑘+ 𝑗

𝐿

= error then return error

𝑧𝑘+ 𝐽
𝐿

:= 𝜂(𝑧
𝑘+ 𝑗

𝐿

, 𝑡𝑘+1, ( 𝑗 , 𝐽])
if 𝑧𝑘+ 𝐽

𝐿
≠ error then return 𝑧𝑘+ 𝐽

𝐿

𝑗𝑚 := ⌊( 𝑗 + 𝐽)/2⌋
𝑧
𝑘+ 𝑗𝑚

𝐿

:= DivideAndConquer(𝑧
𝑘+ 𝑗

𝐿

, 𝑡𝑘+1, ( 𝑗 , 𝑗𝑚])
𝑧𝑘+ 𝐽

𝐿
:= DivideAndConquer(𝑧

𝑘+ 𝑗𝑚
𝐿

, 𝑡𝑘+1, ( 𝑗𝑚, 𝐽])
return 𝑧𝑘+ 𝐽

𝐿

function MGBstep(𝑧𝑘 , 𝑡𝑘+1) = DivideAndConquer(𝑧𝑘 , 𝑡𝑘+1, (0, 𝐿])

The function MGBstep(𝑧𝑘 , 𝑡𝑘+1) will always return either the value 𝑧𝑘+1, or the
special value error. Since MGBstep(𝑧𝑘 , 𝑡𝑘+1) is subdividing the interval (0, 𝐿]
in a dyadic fashion, there will be at most 2𝐿 invocations of 𝜂, and thus at most
(2𝐿 maxit) Newton iterations per MGBstep. Note that this estimate holds both in
the case where MGBstep(𝑧𝑘 , 𝑡𝑘+1) succeeds in computing 𝑧𝑘+1, and also in the case
where MGBstep(𝑧𝑘 , 𝑡𝑘+1) fails and returns the special value error.

Given 𝑡1 > 0, 𝑧1 = 𝑧∗
𝐿
(𝑡1) and tol > 0, algorithm MGB(𝑧1, 𝑡1, tol) iteratively

computes 𝑧𝑘+1 = MGBstep(𝑧𝑘 , 𝑡𝑘+1) for 𝑘 = 1, 2, . . .; where 𝑡𝑘+1 = 𝜅𝑡𝑘 , and where
𝜅 is initialized to 10. If, for any given 𝑘 , MGBstep(𝑧𝑘 , 𝑡𝑘+1) = error, then 𝜅 is
replaced by

√
𝜅 and we try the step again; this shrinks the 𝑡 step length to resolve

(P2). We stop when 1/𝑡𝑘 < tol.
As is usual in convex optimization, finding an initial 𝑧1 = 𝑧∗

ℎ
(𝑡1) on the central

path is nontrivial. Given 𝑧0 with 𝐷𝑧0 ∈ Q◦ and a value 𝑡1 > 0, we introduce a “phase
1” algorithm MGBphase1(𝑧0, 𝑡1), which is a minor modification of the algorithm
MGBstep(𝑧0, 𝑡1) where the function 𝜂 is replaced by:

1 Failures can also occur if the optimization problem itself is “flawed”, e.g. if the objective is
unbounded below or infeasible or nearly so in machine arithmetic.
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function 𝜁 (𝑧 𝑗

𝐿

, 𝑡1, ( 𝑗 , 𝐽]) :
𝜙 := 𝑤 → f𝐽 (𝑧 𝑗

𝐿

+ 𝑅𝐽𝑤, 𝑡1)

maxit :=

{
∞ if 𝐽 − 𝑗 = 1,
8 otherwise.

𝑤 := Newton(𝜙, 0,maxit)

return


error if 𝑤 = error,

𝑧 𝑗

𝐿

if 𝐷 (𝑧 𝑗

𝐿

+ 𝑅𝐽𝑤) ∉
⋂𝐿

ℓ=𝐽 Q
◦
ℓ
,

𝑧 𝑗

𝐿

+ 𝑅𝐽𝑤 otherwise.

Here, Qℓ = {𝜙 : Ω → R𝑒 : 𝜙(𝑥) ∈ 𝑄(𝑥), 𝑥 ∈ Ωℓ } and Ωℓ denotes the set of
quadrature nodes on grid level ℓ.

3 Numerical experiments

Fix 𝑝 ≥ 1. Let 𝑔1 ∈ 𝑊1, 𝑝 (Ω) prescribe Dirichlet boundary data and let 𝑓 ∈ 𝐿 𝑝′ (Ω)
with 1/𝑝 + 1/𝑝′ = 1. The 𝑝-Laplace variational problem in 𝑑 dimensions (see [5])
reads

inf
𝑢∈𝑊1, 𝑝

0 (Ω)+𝑔1

∫
Ω

𝑓 𝑢 + ∥∇𝑢∥ 𝑝2 . (5)

When a sufficiently regular minimizer exists, the Euler–Lagrange equation associated
with (5) is the 𝑝-Laplace PDE ∇ · (∥∇𝑢∥ 𝑝−2

2 ∇𝑢) = 1
𝑝
𝑓 in Ω, supplemented by the

boundary values given by 𝑔1. For 𝑝 = 2 this reduces to the standard linear Laplace
equation; for 𝑝 ≠ 2 the variational problem (5) remains convex but is well known to
be challenging to solve numerically, particularly as 𝑝 → 1. The limiting case 𝑝 = 1
connects to compressed sensing [3], and minimizers of the 1-Laplacian are often
piecewise constant.

We now cast (5) into the abstract form (2) by setting

𝑊 = 𝑊
1, 𝑝
0 (Ω) × 𝐿1 (Ω), 𝑐 =

[
𝑓

1

]
, 𝑔 =

[
𝑔1
0

]
, 𝐷 =

[
∇

1

]
. (6)

Write 𝑧 = [𝑢, 𝑠]𝑇 ∈ 𝑊 , where 𝑠 = 𝑠(𝑥) is an auxiliary “slack” function. Then

𝑄(𝑥) = 𝑄 =
{
[𝑞𝑇 , 𝑠]𝑇 ∈ R𝑑+1 : 𝑠 ≥ ∥𝑞∥ 𝑝2

}
and (7)

Q =
{
[𝑞𝑇 (𝑥), 𝑠(𝑥)]𝑇 : 𝑠(𝑥) ≥ ∥𝑞(𝑥)∥ 𝑝2 for a.e. 𝑥 ∈ Ω

}
. (8)

Because the second component of 𝑐 equals 1, any solution 𝑧∗ = [𝑢∗, 𝑠∗]𝑇 of (2)
must satisfy 𝑠∗ = ∥∇𝑢∗∥ 𝑝2 , and hence 𝑢∗ minimizes

∫
Ω
𝑓 𝑢 + 𝑠 =

∫
Ω
𝑓 𝑢 + ∥∇𝑢∥ 𝑝2 ,

recovering (5). A convenient choice of barrier for Q is
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F(𝑞, 𝑠) =
∫
Ω

𝐹 (𝑞(𝑥), 𝑠(𝑥)) 𝑑𝑥 where 𝐹 (𝑞, 𝑠) = − log(𝑠
2
𝑝 − ∥𝑞∥2

2) − 2 log 𝑠. (9)

This choice is convenient because integration is straightforward to implement, and the
resulting barrier lends itself to theoretical analysis that will be described elsewhere.

We now present finite-element experiments; because of space limits, the spectral-
element results will appear in a subsequent paper [8]. Our implementation of algo-
rithm MGB includes one practical enhancement. If MGBstep(𝑧𝑘 , 𝑡𝑘+1) converged in
4 Newton steps or fewer, then for the next 𝑡-step we update the parameter by setting
𝜅 := min{10, 𝜅2}. This acceleration trick was introduced in [7] for the 𝑝-Poisson
problem to help the method recover after taking small 𝑡-steps that are occasionally
required by irregular solutions.

In one spatial dimension (𝑑 = 1) we take Ω = (−1, 1) with boundary data 𝑔1 (𝑥) =
𝑥 and forcing 𝑓 = 0.5. We run experiments for 𝑝 ∈ {1, 1.1, 1.3, 1.5, 2.0, 3.0, 4.0},
using piecewise-linear finite elements and solving to tolerance tol = 10−8. The grid
spacing ℎ is varied (and hence the number 𝑛 of degrees of freedom), and we record
the total number of Newton iterations (Figure 1, left) and the wall-clock run time
(Figure 1, center).

Plotted on a logarithmic 𝑛-axis with a linear vertical scale for iteration counts,
this layout tests the 𝑂̃ (1) behavior predicted in [6]: on these axes an 𝑂 (log 𝑛) cost
appears as a straight line, while 𝑂 (

√
𝑛) grows rapidly. We observe the 𝑂 (1) behavior

for the 𝑝 > 1 cases in Figure 1 (left).
In Figure 1, right, we show the number of Newton iterations performed on each

grid level 𝑗 as a function of 𝑡𝑘 for the case 𝑝 = 1.3 with 𝑛 = 65536 unknowns. The
initial rise at 𝑡1 = 0.1 corresponds to the phase 1 stage of the algorithm. The step
length is set to 𝜅 = 10 until 𝑡3 = 10.0, at which point algorithm MGBstep triggers
two error events, causing the stepsize to be reduced to 𝜅 =

√︁√
10 ≈ 1.78. This

smaller step length is maintained until iteration 𝑡27, after which it is increased again
to 𝜅 ≈ 3.16. We also observe that for intermediate 𝑡𝑘 values, multiple grid levels are
activated by MGBstep to sustain the relatively long step 𝜅 ≈ 1.78. (For comparison,
the “short-step” length that is theoretically optimal in self-concordant analysis would
be 𝜅 ∼ exp(1/

√
𝑛) ≈ 1.004.)
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Fig. 1 1d experiments.
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Fig. 2 2d experiments, “singular” case.
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Fig. 3 2d experiments, “smooth” case.

We further report two sets of 𝑑 = 2 experiments on the square domain Ω =

(−1, 1) × (−1, 1) for 𝑝 ∈ {1, 1.1, 1.2, 1.5, 2.0, 3.0}. The “singular” cases (Figure 2)
use boundary data 𝑔1 (𝑥, 𝑦) = 𝑥2 + 𝑦2 and forcing 𝑓 = 0.5. These are termed singular
because the solutions 𝑢 satisfy ∇𝑢 = 0 at the origin, creating a singular point of
the 𝑝-Laplace operator. The “smooth” cases (Figure 3) instead take 𝑔1 = 𝑦 − 𝑥 and
𝑓 = 0.75, for which the corresponding solutions 𝑢 avoid the singularity at ∇𝑢 = 0,
except in the case 𝑝 = 1.0. Following the setup in [6], we employ triangular elements
that are piecewise quadratic with an additional cubic bubble enrichment. We note
that in this case, the spaces 𝑉1, . . . , 𝑉𝐿 are not quite nested (the cubic bubbles don’t
interpolate exactly when we subdivide) so there is a slight “variational crime”.
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