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1 Introduction

Molecular dynamics simulations are powerful computational tools with many
important applications in physics, chemistry and biology. The evolution of atoms
and molecules is typically described by a Hamiltonian system of ordinary differential
equations with location and momenta of atoms or molecules as unknowns. Numerical
simulations based on this formulation are computationally costly in practice. The
challenges can come from complicated Hamiltonians requiring partial differential
equation (PDE) computations from density function theory in each time step. The
challenges can also come from the multiscale nature of many simulations. Even if
the Hamiltonians are relatively simple and based on explicit empirical potentials
the computational cost will be high if the individual atom vibrations need to be
resolved by short time steps, but the overall time is orders of magnitude longer
than in simulations involving protein folding. We will first briefly discuss existing
techniques that exploit distributed computing and then focus on milestoning. This
is a technique introduced by Ron Elber [9, 7] to allow for accurate simulations over
longer time intervals. It is a domain decomposition strategy that aims at reducing the
overall computational complexity. The domain boundaries are here called milestones
and the coupling is between fluxes and sources. Our aim is to improve the theoretical
foundation of milestoning by studying a stochastic model and the related Fokker-
Planck equation. We will discuss the potential for application of milestoning in
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solving high-dimensional PDEs and domain decomposition acceleration techniques
for milestoning.

2 Domain decomposition for distributed computing in molecular
dynamics

Before we discuss milestoning, we briefly review currently common domain
decomposition (DD) of the form that just exploits distributed computing for
enhancing performance. It has been used for quite some time and is mainly of three
types, DD in space, DD in time and finally DD in probability. DD in space is natural
and similar to spatial DD of grid based time dependent PDE solvers. Boundary zones
near the domain boundaries are used for communication between the domains. This
is implemented in standard software packages, as for example in GROMACS [14].
A challenge is here that the interacting forces between molecules are global and not
local as is the case for differential operators. The distribution of molecules or atoms
is typically far from uniform in space or phase space. The first challenge is overcome
by the fact that even if the forces have global reach, in practice it is local. For example,
the Lennard-Jones potential decays as distance to power six. The uneven distribution
is handled by dynamic load balancing. DD in time relies on the parareal strategy for
avoiding the difficulty of causality in distributing the computation between several
processors, see, for example [11]. A coarse grid approximation is applied over the full
time interval and then more accurate distributed independent simulations correct the
coarse approximation. The challenge is that molecular dynamics (MD) is typically in
the form of Hamiltonian systems of ordinary differential equations (ODEs) and thus
notoriously difficult for parareal techniques [10]. Fortunately, several useful coarse
grid or surrogate models have been independently developed in the MD community
based on many concepts from clustering to machine learning [11]. DD in probability,
which here is called the parallel replica method [17] means that many independent
simulations are performed in parallel. Realistic assumption in MD will allow, for
example, estimating expected transition times only based on the first arrivals.

3 Milestoning Algorithm and Fokker-Planck equation

The milestoning algorithm was initially introduced in [9] to compute the time
scales of complex processes by establishing a set of predetermined milestones
and estimating the transitional kernel between them. Once the kernel is calculated,
it can be used to determine other non-equilibrium quantities such as mean first
passage time (MFPT) or reaction rate. However, as highlighted in [16, 13], the
vanilla milestoning algorithm relies on the assumption that the trajectories between
consecutive milestone hops are statistically independent, which requires careful
design of milestone geometry.
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To mitigate this issue, the technique of exact milestoning (EM) is developed and
studied in [2, 3, 13, 8]. In the context of estimating the MFPT E𝜏𝑃 to a terminal state
𝑃, the local MFPTs E𝜇𝜏𝑀 are averaged under the weight of the invariant distribution
𝜇, which is estimated through iterative sampling of the transition kernel between
milestones [2, Theorem 3.3], as illustrated in fig. 1.
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Fig. 1 MFPT estimation via exact milestoning algorithm: breaking down long trajectories into
local iterations between milestones.

The EM algorithm is further generalized in [4, Algorithm 2] to sample

𝑢(𝑧) := E𝑒−𝑟𝑇𝑔 (𝑋𝑇 ) +
∫ 𝑇

0
𝑒−𝑟𝑡 [ 𝑓 (𝑋𝑡 ) d 𝑡 + ℎ (𝑋𝑡 ) d 𝑘𝑡 ] (1)

along the path driven by the following stochastic process

𝑑𝑋𝑡 = 𝑏 d 𝑡 + 𝜎 d𝑊𝑡 + 𝛾 d 𝑘𝑡 , 𝑋0 = 𝑧, 𝑇 := min
𝑡
{𝑋𝑡 ∈ ΓD} , (2)

where 𝑋𝑡 reflects on Γ𝑁 in the conormal direction 𝛾 := − 𝐷𝑛
|𝐷𝑛 | , 𝐷 := 1

2𝜎𝜎
𝑇 and 𝑘𝑡 is

the local time on the boundary. A sketch of generalized EM is shown in Algorithm 1
for accurate and efficient estimation on 𝑢(𝑧).

Given : Milestones setup (Definition 2), initial guess 𝜉, tolerance 𝜖 > 0,
running/terminal/reflecting integrands 𝑓 , 𝑔, ℎ, decay rate 𝑟 and
point 𝑧 ∈ Ω to evaluate 𝑢.

Return: 𝑢̂𝑙 (𝑧) as an approximation of 𝑢(𝑧) (Eqn (1)).
Initialize 𝜇 (0) ← 𝜉, 𝑙 ← 0.
for 𝑙 = 0, 1, . . . until stopping criterion is met do

for 𝑖 iterating through Λ do
Sample 𝑁 independent paths (Eqn (2)) from 𝑋

(𝑙,𝑖, 𝑗 )
0 ∼ 𝜇

(𝑙)
𝑖

.
Calculate empirical average 𝐼̂𝑙,𝑖 ← 1

𝑁

∑
𝑗 𝐼𝑙,𝑖, 𝑗 (Eqn (1)).

end
Collect empirical distribution of local path terminal points as 𝜇 (𝑙+1) .
Assemble the numerical estimate 𝑢̂𝑙 (𝑧) ←

∑
𝑖 𝜇
(𝑙)
𝑖
(𝑀𝑖) 𝐼̂𝑙,𝑖 .

end
Algorithm 1: Estimating stochastic path integrals (Eqn (1)) via generalized EM.
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The consistency of EM is established by formulating 𝑢(𝑧) as the solution to the
Fokker-Planck equation and by validating the corresponding domain-decomposition
scheme. In fact, Eqn (1) is the time-independent form of the Feynman-Kac formula
with reflexive boundary conditions.

Theorem 1 (Time-independent Feynman-Kac formula [4, Corollary 10.13]) The
expectation of path integral Eqn (1), driven by the stochastic process Eqn (2), is given
by the value at 𝑧 of the solution to the stationary Fokker-Planck equation

L𝑢 + 𝑓 = 0 in Ω, 𝑢 = 𝑔 on ΓD, flux 𝑢 = |𝐷𝑛| ℎ on ΓN, (3)

where L := 𝑏 · ∇+𝐷 : ∇2− 𝑟, 𝐷 := 1
2𝜎𝜎

𝑇 , under the assumption that 𝑢, 𝑓 , ℎ ∈ 𝐿∞,∫ ∞
0 𝑒−𝑟𝑠 d 𝑘𝑠 < ∞, 𝑟 > 0 or 𝑟 = 0 with a bounded 𝑇 .

The MFPT calculation [2] is a special case of Theorem 1 where 𝑟 = 𝑔 = ℎ =

0, 𝑓 = 1 and the Dirichlet boundary condition is set on the terminal milestone 𝑃.

4 PDE interpretation of the Milestoning algorithm

In this section we understand the Milestoning algorithm as a sequence of solutions
of Laplace equations with an internal flux jump and Dirichlet boundary data. The
geometry of the problem is defined by Ω = (𝑎, 𝑏) × (0, 1), with boundary 𝜕Ω. The

flux discontinuity

0

𝑌

𝑎 𝑐 𝑏 𝑥0 𝑥1 𝑥𝐽 𝑥𝑁+1

Ω1 Ω2 Ω3 Ω𝑁

Fig. 2 Initial problem and domain decomposition in bands

interface Γ = {𝑐} × (0, 1) carries a flux discontinuity, and 𝑢 is continuous across the
interface, such that

−Δ𝑢 = 𝑓 (𝑦)𝛿𝑐 in Ω = (𝑎, 𝑏) × (0, 𝑌 ), 𝑢 = 0 on 𝜕Ω. (4)

The domain Ω is split into overlapping subdomains, using a decomposition of (𝑎, 𝑏)
with a mesh 𝑥 𝑗 , 𝑥0 = 𝑎, 𝑥𝑁+1 = 𝑏, 𝐻 𝑗 = 𝑥 𝑗 − 𝑥 𝑗−1 for 𝑗 = 1, · · · , 𝑁 + 1, and
Ω 𝑗 = (𝑥 𝑗−1, 𝑥 𝑗+1) × (0, 1). We suppose that the mesh contains 𝑐: 𝑐 = 𝑥𝐽 , with 𝐽 ≥ 2.
Figure 2 provides a graphical illustration of the decomposition setup of interest.

Definition 1 For each subdomain Ω 𝑗 and input 𝑓 𝑗 defined on Ω 𝑗 , we define the local
problem
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−Δ𝑢 𝑗 = 𝑓 𝑗 (𝑦)𝛿𝑥 𝑗
in Ω 𝑗 = (𝑥 𝑗−1, 𝑥 𝑗+1) × (0, 1), 𝑢 𝑗 = 0 on 𝜕Ω 𝑗 , (5)

and extend 𝑢 𝑗 by 0 on Ω\Ω 𝑗 . Since 𝑢 𝑗 depends linearly on 𝑓 𝑗 , the same linearity
holds for its boundary derivatives. We therefore define the operators 𝐴 𝑗 , 𝑗±1 such that

𝐴 𝑗 , 𝑗−1 𝑓 𝑗 = −𝑑𝑥𝑢 𝑗 (𝑥 𝑗−1), 𝐴 𝑗 , 𝑗+1 𝑓 𝑗 = 𝑑𝑥𝑢 𝑗 (𝑥 𝑗+1). (6)

The closed form of 𝐴 𝑗 , 𝑗±1 is computed f in the proof of the theorem 2 below, and
given in Eqn (9).

Theorem 2 If the division is equidistant, there exists a unique ( 𝑓1, . . . , 𝑓𝑁 ) such
that 𝑢 = 𝑢1 + . . . 𝑢𝑁 .

Proof. By the distribution theory, we know that −Δ𝑢 = 𝑓 (𝑦)𝛿𝑐 if and only if
[𝑑𝑥𝑢] (𝑐, ·) = − 𝑓 , where [𝜙] (𝑐) = 𝜙(𝑐+)−𝜙(𝑐−). The relation between the functions
𝑢 𝑗 is equivalent to a linear system on the functions 𝑓 𝑗 , obtained by writing the jumps
of derivatives on any Γ 𝑗 = {𝑥 𝑗 } × (0, 1) to be 𝑓 𝛿 𝑗 𝐽 .

−[𝑑𝑥𝑢1 + . . . 𝑑𝑥𝑢𝑁 ] (𝑥 𝑗 , 𝑦) = 𝑓 𝛿 𝑗 𝐽𝛿𝑐, 𝑗 = 1, . . . , 𝑁. (7)

The system is block linear tridiagonal with matrix 𝐴. We identify it to a tridiagonal
linear system in the 𝑓 𝑗 , since each 𝑢 𝑗 is a linear function of 𝑓 𝑗 , therefore
−[𝑑𝑥𝑢 𝑗−1] (𝑥 𝑗 , ·) = 𝑑𝑥𝑢 𝑗−1 (𝑥 𝑗 , ·) := 𝐴 𝑗 , 𝑗−1 𝑓 𝑗−1 and similarly −[𝑑𝑥𝑢 𝑗+1] (𝑥 𝑗 , ·) =
−𝑑𝑥𝑢 𝑗+1 (𝑥 𝑗 , ·) := 𝐴 𝑗 , 𝑗+1 𝑓 𝑗−1, and −[𝑑𝑥𝑢 𝑗 ] (𝑥 𝑗 , ·) = 𝑓 𝑗 . In order to identify the
operator 𝐴, we use Fourier series in the 𝑦 direction to solve Problem (Eqn (4)).
𝑢(𝑥, 𝑦) = ∑+∞

𝑘=1 𝑢̂(𝑥, 𝑘) sin𝜔𝑘𝑦, with 𝜔𝑘 = 𝑘 𝜋
𝑌

. For fixed 𝑘 , 𝑢̂(𝑥, 𝑘) is solution
of −𝑑𝑥𝑥 𝑢̂(𝑥, 𝑘) − 𝜔2

𝑘
𝑢̂(𝑥, 𝑘) = 0 in ((𝑎, 𝑐) × (0, 𝑌 )) ∪ ((𝑐, 𝑏) × (0, 𝑌 )), with

[𝑢̂′
𝑘
] (𝑐) = − 𝑓 (𝑘). This is solvable in closed form:

𝑢̂(𝑥, 𝑘) = 𝛼𝑘 sinh𝜔𝑘 (𝑥 − 𝑎)𝜒(𝑎,𝑐) + 𝛽𝑘 sinh𝜔𝑘 (𝑏 − 𝑥)𝜒(𝑐,𝑏) ,

𝛼𝑘 =
𝑓𝑘

𝜔𝑘

sinh(𝜔𝑘 (𝑏 − 𝑐))
sinh(𝜔𝑘 (𝑏 − 𝑎))

, 𝛽𝑘 =
𝑓𝑘

𝜔𝑘

sinh(𝜔𝑘 (𝑐 − 𝑎))
sinh(𝜔𝑘 (𝑏 − 𝑎))

,
(8)

where 𝜒 is the characteristic function of the interval. This applies to the 𝑢 𝑗 as well,
from which we can compute the derivatives at the endpoints of the interval and
obtain the form of the linear operators 𝐴 𝑗 , 𝑗±1,

𝐴 𝑗 , 𝑗−1 = −
sinh(𝜔𝑘𝐻 𝑗−1)

sinh(𝜔𝑘 (𝐻 𝑗−1 + 𝐻 𝑗 ))
, 𝐴 𝑗 , 𝑗+1 = −

sinh(𝜔𝑘𝐻 𝑗+2)
sinh(𝜔𝑘 (𝐻 𝑗+2 + 𝐻 𝑗+1))

. (9)

If the mesh is equidistant the coefficients are all equal to 1/2 cosh(𝜔𝑘𝐻). For
each frequency 𝑘 , the matrix 𝐴(𝑘) is strictly diagonally dominant, so invertible
by Hadamard’s Lemma. Hence the theorem is proved. ⊓⊔

We recall the Jacobi algorithm for the linear system 𝐴𝑋 = 𝑏. The usual splitting
of the matrix 𝐴 = 𝐷 − 𝐿 −𝑈 gives the Jacobi algorithm 𝐷𝑋𝑛+1 = (𝐿 +𝑈)𝑋𝑛 + 𝑏.
Here the diagonal is the identity, and the algorithm to approximate f = ( 𝑓1, . . . , 𝑓𝑁 )
reads
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𝑓 𝑛+1
𝑗 = 𝛿𝐽 𝑗 𝑓 − 𝐴 𝑗 , 𝑗−1 𝑓

𝑛
𝑗−1 − 𝐴 𝑗 , 𝑗+1 𝑓

𝑛
𝑗−1.

which is exactly the milestoning algorithm which, written in terms of the 𝑢 𝑗 in the
subdomains, is for 𝑗 = 1, . . . , 𝑁 ,

−[𝑑𝑥𝑢𝑛+1
𝑗 ] (𝑥 𝑗 , :) = [𝑑𝑥𝑢𝑛𝑗−1] (𝑥 𝑗 , :) + [𝑑𝑥𝑢𝑛𝑗+1] (𝑥 𝑗 , :) + 𝑓 𝛿 𝑗 𝐽𝛿𝑐 . (10)

Theorem 3 The milestoning algorithm is a Jacobi algorithm for system (Eqn (7)).
If the division is equidistant, it is convergent, with a convergence factor smaller than

cos 𝜋
𝑁+1

cosh(𝜔1𝐻 ) .

Proof. Use Fourier series. If the 𝑥 𝑗 are equidistant, the extradiagonal coefficients of
the matrix 𝐴(𝑘) are all equal to 1

cosh(𝜔𝑘𝐻 ) , and the eigenvalues of the Jacobi matrix

𝐽 = 𝐼 − 𝐴 are equal to
cos ℓ 𝜋

𝑁+1
cosh(𝜔𝑘𝐻)

for ℓ = 1, · · · 𝑁 + 1. We conclude by Parseval

Theorem. ⊓⊔
Remark 1 In dimension 1, the solution of (Eqn (4)) is piecewise affine, equal to

𝑢(𝑥) = 𝑓

𝑏 − 𝑎
(
(𝑏 − 𝑐) (𝑥 − 𝑎)𝜒(𝑎,𝑐) + (𝑐 − 𝑎) (𝑏 − 𝑥)𝜒(𝑐,𝑏)

)
.

Then for equidistant mesh, the matrix 𝐴 is strongly diagonally dominant and
irreducible, hence invertible. The Jacobi algorithm is similarly convergent, and
the convergence factor from Theorem 3 is equal to cos( 𝜋

𝑁+1 ) which is close to
1 for a large number of subdomains. The Jacobi algorithm is in general very slow.
It can be accelerated by Gauss-Seidel algorithm, which converges twice as fast
(for tridiagonal matrices), and can even be improved by a successive over-relaxation
(SOR) algorithm, that is (𝐷−𝜔𝐿)𝑋𝑛+1 = 𝜔𝑏+ (𝜔𝑈+ (1−𝜔)𝐷)𝑋𝑛. This algorithm
is convergent in our particular case, with an optimal parameter 𝜔∗ = 2

1+
√

1−𝜌2 (𝐽 )
,

where 𝜌(𝐽) is the spectral radius of 𝐽 equal to cos 𝜋/(𝑁 + 1), so 𝜔∗ = 2
1+sin 𝜋/(𝑁+1) .

The Gauss-Seidel algorithm corresponds to 𝜔 = 1. These results are numerically
verified as shown in figs. 3 and 4.

Fig. 3 1D Simulation + error: Comparison Jacobi, Gauss-Seidel and successive over-relaxation
(SOR).
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Fig. 4 2D Simulation (left and center), error as a function of the iterations (right).

5 Decomposition of Primal and Dual Equations

Inspired by the coupled estimation formula 𝑢̂𝑙 (𝑧) =
∑

𝑖 𝜇
(𝑙)
𝑖
(𝑀𝑖) 𝐼̂𝑙,𝑖 (Algorithm 1),

we decompose the solution of Eqn (3) into the distribution part 𝜇 (𝑙)
𝑖

and the local
estimate part 𝐼̂𝑙,𝑖 . As shown in the later paragraph, the former maps to the dual-flux
of the local dual solutions (Eqn (15) and definition 3) while the latter solves the
local primal equation (Eqn (14)). The setup for a milestoning-style decomposition
of domain is described as follows (fig. 5).

Definition 2 Given Ω ⊂ R𝑑 with boundary 𝜕Ω partitioned into ΓN and ΓD, we
consider the set of milestones {𝑀𝑖}𝑖∈Λ and the associated compartments {Υ𝑖}𝑖∈Λ
under the index set Λ (0 ∉ Λ) satisfying:

1. 𝑀𝑖 is the image of a 𝐶1-mapping from a closed set in R𝑑−1.
2. Υ𝑖 is an open subset of Ω that contains 𝑀𝑖 and {Υ𝑖} covers Ω
3. The boundary follows a decomposition of ΓM,𝑖 := ⊔ 𝑗∈N𝑖

𝑀 𝑗 , ΓD,𝑖 := ΓM,𝑖 ⊔ Γ̃D,𝑖

where ΓN,𝑖 ⊂ ΓN, Γ̃D,𝑖 ⊂ ΓD and 𝜕Υ𝑖 =
(
⊔ 𝑗∈N𝑖

𝑀 𝑗

)
⊔ΓN,𝑖⊔ Γ̃D,𝑖 with its inherited

normal direction 𝑛 𝑗;𝑖 .
4. 𝑀𝑖 has a positive distance to ΓD,𝑖 , i.e. there exists 𝛿 > 0, independent of 𝑖, s.t.

dist
(
𝑀𝑖 , ΓD,𝑖

)
≥ 𝛿,∀𝑖 ∈ Λ. (11)

For the simplicity of notations, we introduce a virtual milestone 𝑀0 = {𝑧} and
define the extended index set Λ̃ := {0}∪Λ. In addition, we require that 0 ∉

⋃
𝑗∈ΛN𝑗 ,

i.e. we do not consider the hitting event on 𝑀0.

Definition 3 The global/local and primal/dual equations are listed in the 2-by-2
table (table 1). The probability flow operator is defined as J 𝜌 := ∇ · (𝐷𝜌) − 𝑏𝜌,
followed by the dual of L as L∗𝜌 := (∇ · J − 𝑟) 𝜌. The boundary flux operator and
its dual counterpart is defined as flux 𝑢 := (∇𝑢 ⊗ 𝑛) : 𝐷 and flux∗ 𝜌 := (𝑛 · J) 𝜌.
For each subdomain Υ𝑖 , the local versions of flux operators use the corresponding
normal direction.

Notice that the primal and dual equations shall be understood in the weak sense.
The well-posedness of solutions 𝑢, 𝜌, 𝜑𝑖 , 𝜙𝑖 is established in [4, Proposition 10.2].
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Fig. 5 Left: Milestoning setup (Definition 2). Right: Flux mapping Ψ (Eqn (16)).

Primal Dual

Global
L𝑢 + 𝑓 = 0 (12)

𝑢 |D = 𝑔

flux 𝑢 |N = ℎ

L∗𝜌 = 𝛿 (13)
𝜌 |D = 0

flux∗ 𝜌 |N = 0

Local

L𝜑𝑖 + 𝑓 = 0 (14)
𝜑𝑖 |Γ̃D,𝑖

= 𝑔

𝜑𝑖 |ΓM,𝑖
= 0

flux𝑖 𝜑𝑖 |ΓN,𝑖
= ℎ

L∗𝜙𝑖 = 𝛿 (15)
𝜙𝑖 |ΓD,𝑖

= 0
flux∗𝑖 𝜙𝑖 |ΓN,𝑖

= 0

Table 1 Primal and Dual equations, listed in global and local version.

In the limit of convergence of the milestoning algorithm, there is a balance
between the inward and outward probability flux on each milestone. The inward flux
can be described by aggregating the dual-flux of the Green’s function 𝜌𝑖;𝑧 on a given
milestone, while the outward flux is distributed to neighboring milestones via the
local-dual equation (Eqn (15)). Thus, the collection of Green’s functions serve as
a bridge between the distribution on the milestone and the balancing condition. A
rigorous definition is demonstrated as follows.

Definition 4 The space of particle distributions is defined as the tensor product𝑉 :=
𝐿1 (⋃

𝑖∈Λ̃ 𝑀𝑖

)
= ⊗

𝑖∈Λ̃𝐿
1 (𝑀𝑖), endowed with the 𝐿1 norm ∥𝝁∥1 :=

∑
𝑖∈Λ̃ ∥𝜇𝑖 ∥𝐿1 (𝑀𝑖 )

for 𝝁 := (𝜇𝑖)𝑖∈Λ̃ ∈ 𝑉 . The space of Green’s functions 𝝆𝑧 :=
(
𝜌𝑖;𝑧

)
𝑖∈Λ̃ is given as the

tensor product of D′ (Υ𝑖). The flux mapping Ψ𝑧 : 𝑊 → 𝑉 is defined as
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Ψ𝑧

(
𝝆𝑧

)
:= ©­«

∑︁
𝑖∈N∗

𝑗
≠0

flux∗𝑖𝜌𝑖;𝑧 + 10∈N∗
𝑗
flux∗0𝜙0;𝑧

ª®¬ 𝑗∈Λ̃ (16)

where N∗
𝑗

:= {𝑖 : 𝑗 ∈ N𝑖} is the co-neighbor set. The balancing equation is thus
defined as follows.

L∗𝜌𝑖;𝑧 (𝑥) = 𝛿 (𝑥 ∈ 𝑀𝑖)
[
Ψ𝑧𝝆𝑧 (𝑥)

]
𝑖

in Υ𝑖 , (17)
𝜌𝑖;𝑧 = 0 on ΓD,𝑖 , flux∗𝜌𝑖;𝑧 = 0 on ΓN,𝑖

Given 𝝆𝑧 solving the balancing equation (Eqn (17)), 𝝁𝑧 = Ψ𝑧

(
𝝆𝑧

)
satisfies

𝜌𝑖;𝑧 (𝑥) =
∫
𝑀𝑖

𝜇𝑖;𝑧 (𝑦)𝜙𝑖;𝑦 (𝑥) d𝜎(𝑦). (18)

This can be understood as a decomposition of sampled paths within a milestoning
sub-region: under the equilibrium, the collection of paths is a superposition of those
from individual points along the milestone weighted by 𝝁𝑧 [4, Equation 10.31].

Now we move onto the decomposition of the global equations.

Theorem 4 ([4, Proposition 10.11]) Under mild conditions, if 𝝆𝑧 solves the
balancing equation (Eqn (17)), then 𝑢 (𝑧) = ∑

𝑖∈Λ
∫
𝑀𝑖

𝜑𝑖 (𝑦) 𝜇𝑖;𝑧 (𝑦) d𝜎 (𝑦) solves
the primal equation (Eqn (12)) and 𝜌 =

∑
𝑖 𝜌𝑖 solves the dual equation (Eqn (13)).

6 Crystallization

Through numerical experiments, we observe the so-called crystallization effect
where the sampled distributions on the milestone tend to concentrate over iterations
(Figure 6). Intuitively, neighboring milestones pull away a significant portion
of probabilities due to close adjacency to the source milestone. This imbalance
develops over time and eventually leads to crystallization. In this section, we analyze
the crystallization effect in the context of isotropic diffusion models and give a
rationale on the requirement of positive distance between milestones and Dirichlet
boundaries (Definition 2, Item 4). We study this effect under two domain setups:
a half-plane setup Ω+ = {(𝑥1, 𝑥2) ∈ R2 : 𝑥2 > 0} and a finite-domain setup
Ω⊕ = {(𝑥1, 𝑥2) ∈ [−1, 1] × [0, 1]}. In both cases, the source milestone is defined as
the vertical line segment in the middle of the domain, as illustrated in Figure 6.

Let 𝜇(𝑥) denote the distribution of sampled points along the milestone and K
be the iterative operator mapping distributions over milestones. Without loss of
generality, we assume the initial distributions are the same on all milestones, so
the intermediate iteration distributions shall remain the same on every milestone.
Motivated by Eqn (18),K possesses a convolutional formK𝜇(𝑥) =

∫
𝐼
𝜇(𝑦)𝑝(𝑥; 𝑦)d𝑦

where the kernel 𝑝 characterizes the probabilistic transitional structure between
milestones.
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Ω+

Ω⊕

Fig. 6 Development of crystallization effect under a 1-by-2 domain setup. Left and middle: snapshot
of distribution in iteration at initial state and after the second iteration. The purple star location
serves as the 𝑧 point where the solution 𝑢 is evaluated. Right: Crystallization domain setup (upper:
half-plane; lower: finite-domain).

Fig. 7 Half-crystallization for half-plane setup Ω+. Left: distribution in iterations. Right: first and
logarithmic moments in expectation and probability below given thresholds; the error bars stand
for a standard deviation among all test results.

• For half-plane setup, 𝐼 = R+ and 𝑝(𝑦; 𝑥) = 1
𝜋𝑦
· 1
(𝑥/𝑦)2+1 .

• For finite-domain setup, 𝐼 = [0, 1
2 ] with 𝑝 derived from the normal derivative of

the associated Green’s function [4, Definition 10.21].

We now state the singularity of the iteration sequence {K𝑘𝜇} in both setups.

Theorem 5 ([4, Remark 10.4, Proposition 10.37]) For the half-plane setup,
lim𝑘→∞

∫ 𝑡

0 K
𝑘𝜇 (𝑥) d 𝑥 = 1

2 for any given 𝑡 > 0. For the finite domain setup, the
integral series

∫ 1/2
0 log 𝑥K𝑘𝜇 (𝑥) d 𝑥 monotonically diverges to −∞ as 𝑘 →∞.

The proof of Theorem 5 exploits the fact that log modulus of a 2-D Brownian
motion is a martingale, thus the sampled intersections under the half-plane setup
is a random walk under the log scale (referred to as the “half-crystallization”
phenomenon, fig. 7). On the other hand, the log moment decreases (in negative
scale) under the finite domain setup due to replication of singularities. It immediately
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implies that
{
K𝑘𝜇

}
is not uniformly bounded in either setup, thus posing numerical

difficulties.

7 Discussion

The primary contribution of this work is a domain decomposition based interpretation
of the exact-milestoning algorithm. We discuss the connection to the original
proposed method in Section 3 and describe the setup in Definition 2. Theorem 1
serves as a key component that bridges the stochastic path integral and the
Fokker-Planck problem. Then, we translate the milestoning algorithm as a domain
decomposition method (Theorem 4) and derives the balancing equation in Eqn (17).

As a side target, we also study the so-called crystallization phenomenon which
may occur for improper milestone setups. We confirm the half crystallization effect
for a half-plane setup while the logarithmic moment blows up for finite domains
Theorem 5. In either case, the singularities in the distributions on the milestones
pose a great difficulty for numerical methods to work efficiently.

In the context of computational chemistry, the family of milestoning algorithms
is popular due to its easy setup and capability of accurate solving wide range of
problems, in comparison with other approaches such as minimal energy path method
[5], finite temperature string method [6], transition interface sampling [15], and
forward flux sampling [1] . We also plan to extend the range of problems that can be
solved by exact milestoning by investigating the non-linear Feynman-Kac formula.

It is a prevalent idea to develop coupled systems that integrate macroscopic and
microscopic dynamics. For instance, the lattice kinetic Monte Carlo method [12]
implements a jump process at the microscopic (lattice) level, while the overall effect
is modeled as a diffusion/drift process using density functional theory. However,
it is important to note that the coupling mechanism in the milestoning algorithm
functions differently; specifically, a class of continuous processes is simulated
at the microscopic level to provide transitional probabilities for the macroscopic
jump process. We aim to delve deeper to identify potential connections with other
numerical methods used in molecular dynamics.
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