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1 Overlapping Schwarz with Two Point Flux Approximation
Finite Volume Discretization

We are interested in proving convergence of alternating Schwarz algorithms dis-
cretized with Two-Point Flux Approximation (TPFA) finite volume schemes. We
use as our model problem the Poisson equation in a domain Ω ⊂ R2 with bound-
ary 𝐷, with a right hand side 𝑓 ∈ 𝐿2 (Ω) and a Dirichlet boundary condition
𝑔 ∈ 𝐿2 (𝐷). We decompose the domain Ω into two subdomains1 Ω1 and Ω2 with
overlap Ω12 = Ω21 := Ω1 ∩ Ω2, and set Ω11 := Ω1 \ Ω12 and Ω22 := Ω2 \ Ω21, see
Fig. 1 (left). The subdomain boundaries contain a Dirichlet part 𝐷𝑖 = 𝐷 ∩ Ω𝑖 , and
an interface part Γ𝑖 , with 𝜕Ω𝑖 = 𝐷𝑖 ∪ Γ𝑖 . We use the standard notation of TPFA
finite volume schemes [1], based on the use of admissible meshes 𝔐, see Fig. 1
(right), to ensure the necessary geometrical conditions for convergence under mesh
refinement. We denote a generic control volume by 𝐾 and 𝑚𝐾 its measure, an
edge connecting two generic control volumes by 𝜎 and 𝑚𝜎 its length, and the set
of all edges by E, see [1] for more details. We mesh Ω𝑖 𝑗 and Ω𝑖𝑖 with admissible
meshes 𝔐𝑖 𝑗 and 𝔐𝑖𝑖 , and let 𝔐𝑖 be the union of 𝔐𝑖 𝑗 of Ω𝑖 𝑗 and 𝔐𝑖𝑖 of Ω𝑖𝑖 . For
an admissible mesh 𝔐𝑖 , we set T𝑖 := (𝔐𝑖 , E𝐷𝑖 , EΓ𝑖 ) and the discrete approximation
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Ω11𝐷 Ω22Γ1Γ2
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Ω21 𝐾 𝜎

𝑥𝐾

Fig. 1 Left: domain decomposition of Ω with boundary 𝐷 into Ω1 (blue) and Ω2 (red). Right:
admissible mesh with a generic control volume 𝐾 and center 𝑥𝐾 .

𝑢T𝑖 :=
(
𝑢𝔐𝑖

, 𝑢E𝐷𝑖 , 𝑢EΓ𝑖

)
=

(
(𝑢𝐾 )𝐾∈𝔐𝑖

, (𝑢𝜎)𝜎∈E𝐷𝑖 , (𝑢𝜎)𝜎∈EΓ𝑖

)
∈ RT𝑖 for 𝑖 = 1, 2.

Throughout the following, the notation R𝔐 represents a constant vector on the mesh
𝔐. We initialize the discrete alternating Schwarz algorithm with some 𝑔1

EΓ1
, and

then it solves at iteration ℓ ≥ 1 on subdomain Ω𝑖 the discrete problems

LT𝑖 (𝑢ℓ𝑖,T𝑖 , 𝑓𝔐𝑖 , 𝑔E𝐷𝑖
, 𝑔ℓEΓ𝑖

) = 0 with 𝑔ℓ+1
EΓ𝑖

=

{
𝑃EΓ1

(𝑢ℓ2,𝔐2
) if 𝑖 = 1,

𝑃EΓ2
(𝑢ℓ+1

1,𝔐1
) if 𝑖 = 2,

(1)

with the averaging operators at the interfaces between two control volumes

𝑃𝜎 (𝑢𝔐𝑖
) =

𝑢𝐾𝑖𝑑𝐾 𝑗𝜎 + 𝑢𝐾 𝑗 𝑑𝐾𝑖𝜎
𝑑𝐾𝑖𝜎 + 𝑑𝐾 𝑗𝜎

∀𝜎 = 𝐾𝑖 |𝐾 𝑗 ∈ EΓ𝑖 , 𝑖 ≠ 𝑗 and 𝐾𝑖 ∈ 𝔐𝑖 ,

(2)
𝐾1

𝐾2

Γ1

𝜎

𝑑𝐾1𝜎 𝑑𝐾2𝜎

and where we introduced the discrete operators

LT𝑖 (𝑢T𝑖 , 𝑓𝔐𝑖 , 𝑔E𝐷𝑖
, 𝑔

Γ𝑖
EΓ𝑖

) = 0 ⇐⇒

∀𝐾 ∈ 𝔐𝑖 ,

∑︁
𝜎∈E𝐾

𝐹𝐾,𝜎 (𝑢T𝑖 ) = 𝑚𝐾 𝑓𝐾 ,

∀𝜎 ∈ E𝐷𝑖 , 𝑢𝜎 = 𝑔𝜎 , ∀𝜎 ∈ EΓ𝑖 , 𝑢𝜎 = 𝑔Γ𝑖𝜎 .

Here the fluxes are defined using the TPFA scheme, namely

𝐹𝐾,𝜎 (𝑢T) := 𝑚𝜎
𝑢𝐾 − 𝑢𝐿
𝑑𝐾𝜎+𝑑𝐿𝜎

if 𝜎 = 𝐾 |𝐿 ∈ E𝑖𝑛𝑡 , or 𝑚𝜎
𝑢𝐾−𝑢𝜎
𝑑𝐾𝜎

if 𝜎 ∈ E𝐷𝑖 ∪ EΓ𝑖 ,

with E𝑖,𝑖𝑛𝑡 = E𝑖 \ E𝐷𝑖 ∪ EΓ𝑖 the internal edges. The source and boundary terms are
𝑓𝐾 := 1

𝑚𝐾

∫
𝐾
𝑓 (𝑥)𝑑𝑥 for 𝐾 ∈ 𝔐𝑖 , and 𝑔𝜎 := 1

𝑚𝜎

∫
𝜎
𝑔(𝑥)𝑑𝑥 for 𝜎 ∈ E𝐷𝑖 ∪ EΓ𝑖 . If

the meshes coincide in the overlap, we can define the composite mesh 𝔐 := 𝔐11 ∪
𝔐12 ∪𝔐22 on Ω and 𝑢𝔐 := (𝑢𝔐11 , 𝑢𝔐12 , 𝑢𝔐22 ) ∈ R𝔐 , and 𝑢T := (𝑢𝔐, 𝑔E𝐷 ) ∈ RT is
discrete harmonic in Ω with data 𝑔 on the boundary,

LT (𝑢T , 𝑓𝔐, 𝑔E𝐷 ) = 0. (3)
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Theorem 1 The iterates 𝑢ℓ
𝑖,𝔐𝑖

of the discrete overlapping Schwarz algorithm (1)
converge to 𝑢𝑖,𝔐𝑖 when ℓ tends to ∞. In the case where the control volumes of 𝔐1
and 𝔐2 coincide in the overlap, the limit is 𝑢𝔐 solution of (3).

We will give two different proofs of convergence: the first proof in Section 2 uses
the maximum principle with 𝑓 ≡ 0 like in the original proof of Schwarz in [4] at the
continuous level, and the second proof in Section 3 with 𝑔 ≡ 0 is based on a projection
argument like Lions’ proof at the continuous level in [3]. Note that in both cases, one
could also argue directly with the errors 𝑢𝑖,𝔐𝑖 −𝑢ℓ𝑖,𝔐𝑖 to remove the hypotheses 𝑓 ≡ 0
and 𝑔 ≡ 0, so these are without loss of generality. For a discretization by a Discrete
Duality Finite Volume (DDFV) method, a projection argument was also used in [2]
to prove convergence of a discrete overlapping Schwarz method. Similarly to many
numerical discretizations defined on general meshes, the DDFV method does not
satisfy a discrete maximum principle.

2 Convergence using the maximum principle

In this section, the source 𝑓 is zero, and we will consider discrete harmonic 𝑢T . We
initialize the Schwarz algorithm with 𝑔1

EΓ1
= 𝑔 := inf𝐷 𝑔 where 𝑔 is the Dirichlet

boundary condition, and we also define 𝑔 := sup𝐷 𝑔. We start by giving two results on
the discrete maximum principle in the context of TPFA, and then prove convergence.
The proof of Propositions 2 and 3 are directly obtained by the maximum principle
given in Proposition 1, see also [1][Proposition 3.2]. The results are stated for the
particular configuration in Fig. 1, and the inequalities are understood componentwise
and hold on each cell.

Proposition 1 For 𝑗 = 1, 2, the discrete harmonic function in Ω 𝑗 with data equal
to 𝑔𝜎 on 𝜕Ω 𝑗 reaches its extrema on the boundary, and satisfies min𝜎∈E𝜕Ω 𝑗 𝑔𝜎 ≤
𝑢𝔐 𝑗

≤ max𝜎∈E𝜕Ω 𝑗 𝑔𝜎 .

Proposition 2 For 𝑗 = 1, 2, if 𝑔1,EΓ 𝑗
≤ 𝑔2,EΓ 𝑗

, the discrete harmonic functions in Ω 𝑗

with data equal to 0 on 𝐷 𝑗 and 𝑔𝑖,EΓ 𝑗
on Γ 𝑗 satisfy 𝑢1,𝔐 𝑗≤𝑢2,𝔐 𝑗 .

Proposition 3 For 𝑗 = 1, 2, there exists a constant 𝑞 𝑗 ∈ (0, 1) such that the discrete
harmonic function which equals 0 on 𝐷 𝑗 and 1 on Γ 𝑗 satisfies 0 ≤ 𝑃EΓ𝑖

(𝑢 𝑗 ,𝔐 𝑗 ) ≤ 𝑞 𝑗
for 𝑖 ≠ 𝑗 with 𝑃𝜎 defined in (2).

Proof. By the maximum principle in Proposition 1, 𝑢 𝑗 ,𝔐 𝑗 ∈ (0, 1), therefore by
definition 𝑃EΓ𝑖

(𝑢 𝑗 ,𝔐 𝑗 ) ∈ (0, 1). Its maximum over all 𝜎 ∈ EΓ𝑖 is called 𝑞 𝑗 . ⊓⊔

Proof of Theorem 1: We start the algorithm in Ω1 with the discrete harmonic
function 𝑢1

1,𝔐1
equal to 𝑔 on 𝐷1 and 𝑔 on Γ1. By Proposition 1, 𝑔 ≤ 𝑢1

1,𝔐1
≤ 𝑔, and by

definition 𝑔 ≤ 𝑃EΓ2
(𝑢1

1,𝔐1
) ≤ 𝑔. The algorithm then solves in Ω2 with data 𝑔 on 𝐷2

and 𝑔1
EΓ2

= 𝑃EΓ2
(𝑢1

1,𝔐1
) on Γ2. Again 𝑔 ≤ 𝑢1

2,𝔐2
≤ 𝑔, and 𝑔 ≤ 𝑔1

EΓ1
= 𝑃EΓ1

(𝑢1
2,𝔐2

) ≤ 𝑔.
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At the second iteration we also have 𝑔 ≤ 𝑢2
1,𝔐1

≤ 𝑔. The difference 𝑢2
1,𝔐1

− 𝑢1
1,𝔐1

is
discrete harmonic in Ω1, with zero data on 𝐷1, and data on Γ1 equal to

𝑃EΓ1
(𝑢1

2,𝔐2
) − 𝑔 ∈ [0, 𝐺], 𝐺 := 𝑔 − 𝑔.

This implies that 𝑢2
1,𝔐1

− 𝑢1
1,𝔐1

∈ [0, 𝐺]. Propositions 2 and 3 now imply that
0≤𝑃EΓ2

(𝑢2
1,𝔐1

− 𝑢1
1,𝔐1

)≤𝑞1𝐺. Proceeding similarly in Ω2, we obtain 𝑔 ≤ 𝑢2
2,𝔐2

≤ 𝑔,
with 𝑢2

2,𝔐2
− 𝑢1

2,𝔐2
discrete harmonic in Ω2, with zero data on 𝐷1, and data on Γ2

equal to 𝑃EΓ2
(𝑢2

1,𝔐1
− 𝑢1

1,𝔐1
) ∈ [0, 𝑞1𝐺] . Following the discrete Schwarz algorithm

thus creates the sequence 𝑢ℓ
𝑗,𝔐 𝑗

∈ [𝑔, 𝑔] with

0 < 𝑢ℓ+1
1,𝔐1

− 𝑢ℓ1,𝔐1
≤ (𝑞1𝑞2)ℓ−1𝐺, 0 < 𝑢ℓ+1

2,𝔐2
− 𝑢ℓ2,𝔐2

≤ 𝑞1 (𝑞1𝑞2)ℓ−1𝐺.

Writing 0 ≤ 𝑢ℓ+1
𝑖,𝔐𝑖

−𝑢1
𝑖,𝔐𝑖

=
∑ℓ
𝑝=1 (𝑢

𝑝+1
𝑖,𝔐𝑖

−𝑢𝑝
𝑖,𝔐𝑖

), the terms in the sum are bounded by
𝐺 (𝑞1𝑞2) 𝑝−1, therefore the series is convergent, defining a limit 𝑢𝑖,𝔐𝑖 . Furthermore,
by continuity, 𝑔ℓEΓ𝑖 converges to 𝑃EΓ𝑖

(𝑢 𝑗 ,𝔐 𝑗 ) := 𝑔EΓ𝑖
. Now, if the meshes 𝔐1 and

𝔐2 are identical on the overlap, denoted by 𝔐12, we define in Ω12 𝑢𝑖,𝔐12 as 𝑢𝑖,𝔐𝑖 in
the volume, 𝑔 on 𝐷𝑖 , 𝑔EΓ𝑖

on Γ𝑖 , and 𝑃EΓ 𝑗
(𝑢𝑖,𝔐𝑖 ) on Γ 𝑗 . The difference is discrete

harmonic in the overlap, with data 0 on 𝐷, and on Γ𝑖 , 𝑔EΓ𝑖
− 𝑃EΓ𝑖

(𝑢 𝑗 ,𝔐 𝑗 ) which
is zero, by passing to the limit in (1). By the maximum principle the difference is
zero, the limits coincide in the overlap. Thus, the limit 𝑢𝔐 = (𝑢1,𝔐11 , 𝑢1,𝔐12 , 𝑢2,𝔐22 )
is solution of (3).

3 Convergence using projections

We now assume, again without loss of generality as explained earlier, that the
Dirichlet boundary condition is homogeneous, 𝑔 = 0, and that in the overlap the
meshes coincide, 𝔐12 = 𝔐12, and prove convergence using projection operators.
We initialize the algorithm with 𝑔1

EΓ1
= 0. We define on R𝔐 the bilinear and linear

forms

𝑎𝔐
ℎ
(𝑤𝔐, 𝑣𝔐) :=

∑︁
𝜎∈E

𝑚𝜎

𝑑𝜎
𝐷𝜎 (𝑤𝔐)𝐷𝜎 (𝑣𝔐), 𝐿ℎ (𝑣𝔐) :=

∑︁
𝐾∈𝔐

𝑚𝐾 𝑓𝐾 𝑣𝐾 ,

where the discrete gradients are given by

𝐷𝜎 (𝑣𝔐) := 𝑣𝐿 − 𝑣𝐾 if 𝜎 = 𝐾 |𝐿 ∈ E𝑖𝑛𝑡 , or − 𝑣𝐾 if 𝜎 ∈ E𝐷 .

In the following, the same notation 𝐿ℎ is kept for 𝐿ℎ (𝑣𝔐𝑖
), even if 𝑣𝔐𝑖

∈ R𝔐𝑖 ; in this
case, the sum will be taken over 𝑀𝑖 only, instead of 𝔐. The variational formulation
of (3) on the entire domain is 𝑢T = (𝑢𝔐, 0E𝐷 ) ∈ RT and
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Find 𝑢𝔐 ∈ R𝔐 s. t. 𝑎𝔐
ℎ
(𝑢𝔐, 𝑣𝔐) = 𝐿ℎ (𝑣𝔐), ∀𝑣𝔐 ∈ R𝔐 . (4)

In order to include the Dirichlet traces for the transmission conditions in the Schwarz
algorithm (1) in the variational formulation, we extend 𝑣𝔐 by adding the values on the
two interfaces, 𝑣T̃ = (𝑣𝔐11 , 𝑣EΓ2

, 𝑣𝔐12 , 𝑣EΓ1
, 𝑣𝔐22 ) ∈ RT̃ . With these interface values,

we obtain on the extended RT̃ the bilinear form

𝑎T̃
ℎ (𝑤T̃ , 𝑣T̃) :=

∑︁
𝜎∈E\{EΓ1∪EΓ2 }

𝑚𝜎

𝑑𝜎
𝐷𝜎 (𝑤𝔐)𝐷𝜎 (𝑣𝔐)

+
∑︁

𝜎=𝐾1 |𝐾2∈EΓ1∪EΓ2

2∑︁
𝑘=1

𝑚𝜎

𝑑𝐾𝑘𝜎
(𝑤𝜎 − 𝑤𝐾𝑘 ) (𝑣𝜎 − 𝑣𝐾𝑘 ).

(5)

We define on the subdomains RT𝑖 the bilinear forms

𝑎ℎ,𝑖 (𝑤T𝑖 , 𝑣T𝑖 ) :=
∑︁

𝜎∈E𝑖\EΓ𝑖

𝑚𝜎

𝑑𝜎
𝐷𝜎 (𝑤𝔐𝑖

)𝐷𝜎 (𝑣𝔐𝑖 ) +
∑︁

𝜎=𝐾 |Γ𝑖∈EΓ𝑖

𝑚𝜎

𝑑𝐾𝜎
(𝑤𝜎 − 𝑤𝐾 ) (𝑣𝜎 − 𝑣𝐾 ).

The variational formulation on each subdomain Ω𝑖 of (1) is then

Find 𝑢ℓ𝑖,T𝑖 = (𝑢ℓ𝑖,𝔐𝑖 , 0E𝐷𝑖
, 𝑔ℓEΓ𝑖

) ∈ RT𝑖 s. t.

𝑎ℎ,𝑖 (𝑢ℓ𝑖,T𝑖 , 𝑣0,T𝑖 ) = 𝐿ℎ (𝑣𝔐𝑖 ), ∀𝑣0,T𝑖 = (𝑣𝔐𝑖
, 0E𝐷𝑖

, 0EΓ𝑖
) ∈ RT𝑖

0 .
(6)

In order to rewrite (6) with the extended bilinear form 𝑎T̃
ℎ
, we need an operator 𝑃T̃

that transforms 𝑣𝔐 into a 𝑣T̃ containing the traces on Γ1 and Γ2,

𝑃T̃ (𝑣𝔐) := (𝑣𝔐11 , 𝑃EΓ2
(𝑣𝔐), 𝑣𝔐12 , 𝑃EΓ1

(𝑣𝔐), 𝑣𝔐22 ) ∈ RT̃ .

We also define for any 𝑤𝔐2 an operator 𝑃𝑤𝔐2
2→1 : R𝔐1 → RT̃ that extends 𝑣𝔐1 with

values from 𝑤𝔐2 to 𝑣T̃ on the entire domain,

𝑃
𝑤𝔐2
2→1 (𝑣𝔐1 ) = (𝑣𝔐11 , 𝑃EΓ2

(𝑣𝔐1 ), 𝑣𝔐12 , 𝑃EΓ1
(𝑤𝔐2 ), 𝑤𝔐22 ),

and for any 𝑤𝔐1 an operator 𝑃𝑤𝔐1
1→2 : R𝔐2 → RT̃ that extends 𝑣𝔐2 with values from

𝑤𝔐1 to 𝑣T̃ on the entire domain,

𝑃
𝑤𝔐1
1→2 (𝑣𝔐2 ) = (𝑤𝔐11 , 𝑃EΓ2

(𝑤𝔐1 ), 𝑣𝔐12 , 𝑃EΓ1
(𝑣𝔐2 ), 𝑣𝔐22 ).

We define two subsets of RT̃ representing subdomain functions extended by zero,
𝑉1 := {𝑃0𝔐2

2→1 (𝑣𝔐1 ), 𝑣𝔐1 ∈ R𝔐1 } and 𝑉2 := {𝑃0𝔐1
1→2 (𝑣𝔐2 ), 𝑣𝔐2 ∈ R𝔐2 }

𝑣 ∈ 𝑉1 ⇐⇒ ∃𝑣𝔐1 , 𝑣 = (𝑣𝔐11 , 𝑃EΓ2
(𝑣𝔐1 ), 𝑣𝔐12 , 0EΓ1

, 0𝔐22 ),
𝑣 ∈ 𝑉2 ⇐⇒ ∃𝑣𝔐2 , 𝑣 = (0𝔐11 , 0EΓ2

, 𝑣𝔐12 , 𝑃EΓ1
(𝑤𝔐2 ), 𝑤𝔐22 ).

(7)
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Lemma 1 ∀(𝑤𝔐, 𝑣𝔐𝑖 ) ∈ R𝔐 × R𝔐𝑖 , and 𝑣0,𝔐 := (𝑣𝔐𝑖 , 0𝔐 𝑗 𝑗
)∈ R𝔐 , we have

𝑎T̃
ℎ (𝑃T̃ (𝑤𝔐), 𝑃

0𝔐 𝑗
𝑗→𝑖 (𝑣𝔐𝑖 )) = 𝑎

𝔐
ℎ
(𝑤𝔐, 𝑣0,𝔐), (8)

and ∀(𝑤T̃ , 𝑣𝔐𝑖 ) ∈ RT̃ × R𝔐𝑖 , with 𝑣0,T𝑖 := (𝑣𝔐𝑖 , 0E𝐷𝑖
, 0EΓ𝑖

) ∈ RT𝑖
0 , we have

𝑎T̃
ℎ (𝑤T̃ , 𝑃

0𝔐 𝑗
𝑗→𝑖 (𝑣𝔐𝑖 )) = 𝑎ℎ,𝑖 (𝑤T𝑖 , 𝑣0,T𝑖 ). (9)

Proof. To get equality (8), we only need to look at one interface Γ𝑖 , for the other
interface the argument is analogous due to the definition of 𝑃𝜎 . Setting 𝑖 = 1, the
contribution for every 𝜎 = 𝐾1 |𝐾2 ∈ EΓ1 (with 𝐾1 ∈ 𝔐12 and 𝐾2 ∈ 𝔐22) on the left
hand side of (8) is

𝑇𝐿 :=
(𝑃𝜎 (𝑤𝔐) − 𝑤𝐾1 ) (𝑣𝜎 − 𝑣𝐾1 )

𝑑𝐾1𝜎
+

(𝑃𝜎 (𝑤𝔐) − 𝑤𝐾2 ) (𝑣𝜎 − 𝑣𝐾2 )
𝑑𝐾2𝜎

= −
(𝑃𝜎 (𝑤𝔐) − 𝑤𝐾1 )𝑣𝐾1

𝑑𝐾1𝜎
,

since 𝑣𝜎 = 𝑣𝐾2 = 0. On the right hand side of (8), we get

𝑇𝑅 :=
(𝑤𝐾2 − 𝑤𝐾1 ) (𝑣𝐾2 − 𝑣𝐾1 )

𝑑𝐾1𝜎 + 𝑑𝐾2𝜎
= −

(𝑤𝐾2 − 𝑤𝐾1 )𝑣𝐾1

𝑑𝐾1𝜎 + 𝑑𝐾2𝜎
,

since 𝑣𝐾2 = 0. The definition (2) of 𝑃𝜎 (𝑤𝔐) implies then after a short computation
that 𝑇𝑅 = 𝑇𝐿 . Similarly, we can also prove (9). ⊓⊔

From the solution 𝑢𝔐 of (4) on the entire domain, we extend solutions in RT̃ , in
the sense of Lemma 1, including interface values,

𝑢̃1,T̃ := 𝑃𝑢𝔐2
2→1 (𝑢𝔐1 ) and 𝑢̃2,T̃ := 𝑃𝑢𝔐1

1→2 (𝑢𝔐2 ).

Note that by definition, we have 𝑢̃1,T̃ = 𝑢̃2,T̃= 𝑃T̃ (𝑢𝔐). We define the orthogonal

projections P 𝑗 := P
𝑎T̃
ℎ

𝑉𝑗
in RT̃ on 𝑉 𝑗 and Q 𝑗 := P

⊥𝑎T̃
ℎ

𝑉𝑗
in RT̃ on 𝑉⊥

𝑗
, which are naturally

related byQ 𝑗 = I−P 𝑗 . From the solutions on the subdomains (𝑢ℓ1,T1
, 𝑢ℓ2,T2

) ∈ RT1 ×RT2

of (6) we define extended solutions on the entire domain inRT̃ , in the sense of Lemma
1, using the previous iterate on the rest of the domain, namely

𝑢̃ℓ1,T̃ := 𝑃
𝑢ℓ−1

2,𝔐2
2→1 (𝑢ℓ1,𝔐1

) and 𝑢̃ℓ2,T̃ := 𝑃
𝑢ℓ1,𝔐1
1→2 (𝑢ℓ2,𝔐2

). (10)

Lemma 2 The extended solutions from (10) satisfy the projection identities

𝑢̃ℓ1,T̃ − 𝑢̃1,T̃ = Q1

(
𝑢̃ℓ−1

2,T̃ − 𝑢̃2,T̃

)
and 𝑢̃ℓ2,T̃ − 𝑢̃2,T̃ = Q2

(
𝑢̃ℓ1,T̃ − 𝑢̃1,T̃

)
.

Proof. Using Lemma 1 for the solution of (4) and (6) implies that
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𝑎T̃
ℎ (𝑢̃1,T̃ − 𝑢̃ℓ1,T̃ , 𝑃

0𝔐2
2→1 (𝑣𝔐1 ))= 𝑎

𝔐
ℎ
(𝑢𝔐, 𝑣0,𝔐) − 𝑎ℎ,1 (𝑢ℓ1,T1

, 𝑣0,T1 )
= 𝐿ℎ (𝑣0,𝔐) − 𝐿ℎ (𝑣𝔐1 ) = 0.

Now adding ±𝑢̃ℓ−1
2,T̃ in the first argument of the bilinear form gives

𝑎T̃
ℎ (𝑢̃1,T̃ − 𝑢̃ℓ−1

2,T̃ − (𝑢̃ℓ1,T̃ − 𝑢̃
ℓ−1
2,T̃ ), 𝑃0𝔐2

2→1 (𝑣𝔐1 )) = 0. (11)

By definition, we have that 𝑢̃ℓ1,T̃ − 𝑢̃ℓ−1
2,T̃ ∈ 𝑉1, which implies together with (11) the

projection identity
𝑢̃ℓ1,T̃ − 𝑢̃

ℓ−1
2,T̃ = P1

(
𝑢̃1,T̃ − 𝑢̃ℓ−1

2,T̃

)
. (12)

Adding 𝑢̃ℓ−1
2,T̃ − 𝑢̃1,T̃ on both sides, and using that Q1 = I− P1 and 𝑢̃1,T̃ = 𝑢̃2,T̃ , we get

𝑢̃ℓ1,T̃ − 𝑢̃1,T̃ = Q1

(
𝑢̃ℓ−1

2,T̃ − 𝑢̃1,T̃

)
= Q1

(
𝑢̃ℓ−1

2,T̃ − 𝑢̃2,T̃

)
.

The second identity can be proved similarly. ⊓⊔

Proof of Theorem 1: To simplify the notation, we introduce now the differences
𝑣̃ℓ1,T̃ := 𝑢̃ℓ1,T̃ − 𝑢̃1,T̃ and 𝑣̃ℓ2,T̃ := 𝑢̃ℓ2,T̃ − 𝑢̃2,T̃ . We thus have by Lemma 2 for all ℓ the
projection identities

𝑣̃ℓ+1
1,T̃ = Q1̃𝑣

ℓ
2,T̃ , 𝑣̃ℓ+1

2,T̃ = Q2̃𝑣
ℓ+1
1,T̃ . (13)

To prove convergence, we have to prove that the sequence of differences 𝑣̃ℓ2,T̃ tends
to 0. From (13), adding and subtracting 𝑣̃ℓ+1

1,T̃ , we get

𝑣̃ℓ2,T̃ = 𝑣̃ℓ2,T̃ − 𝑣̃
ℓ+1
1,T̃ + 𝑣̃ℓ+1

1,T̃ = P1̃𝑣
ℓ
2,T̃ + Q1̃𝑣

ℓ
2,T̃ .

We now use the Pythagoras Theorem, and obtain the inequality

∥̃𝑣ℓ2,T̃ ∥
2
𝑎T̃
ℎ

= ∥̃𝑣ℓ2,T̃ − 𝑣̃
ℓ+1
1,T̃ ∥2

𝑎T̃
ℎ

+ ∥̃𝑣ℓ+1
1,T̃ ∥2

𝑎T̃
ℎ

≥ ∥̃𝑣ℓ+1
1,T̃ ∥2

𝑎T̃
ℎ

. (14)

Similarly, also using (13) but now adding and subtracting 𝑣̃ℓ+1
2,T̃ , we get

𝑣̃ℓ+1
1,T̃ = 𝑣̃ℓ+1

1,T̃ − 𝑣̃ℓ+1
2,T̃ + 𝑣̃ℓ+1

2,T̃ = P2̃𝑣
ℓ+1
1,T̃ + Q2̃𝑣

ℓ+1
1,T̃ ,

which leads with the Pythagoras Theorem to the inequality

∥̃𝑣ℓ+1
1,T̃ ∥2

𝑎T̃
ℎ

= ∥̃𝑣ℓ+1
1,T̃ − 𝑣̃ℓ+1

2,T̃ ∥2
𝑎T̃
ℎ

+ ∥̃𝑣ℓ+1
2,T̃ ∥2

𝑎T̃
ℎ

≥ ∥̃𝑣ℓ+1
2,T̃ ∥2

𝑎T̃
ℎ

. (15)

The two norm inequalities (14) and (15) then show that the two sequences ∥̃𝑣ℓ2,T̃ ∥𝑎T̃
ℎ

and ∥̃𝑣ℓ1,T̃ ∥𝑎T̃
ℎ

are non-increasing. Since they are non-negative, they must converge to
a limit, say 𝐿2 and 𝐿1. The inequalities (14) and (15) furthermore imply for these
limits that 𝐿2 ≥ 𝐿1 ≥ 𝐿2, and hence the limits must be equal, 𝐿1 = 𝐿2 = 𝐿.
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Moreover, (14) implies that

∥̃𝑣ℓ2,T̃ − 𝑣̃
ℓ+1
1,T̃ ∥2

𝑎T̃
ℎ

= ∥̃𝑣ℓ2,T̃ | |
2
𝑎T̃
ℎ

− ∥̃𝑣ℓ+1
1,T̃ ∥2

𝑎T̃
ℎ

−→
ℓ→+∞

0, (16)

and (15) implies that

∥̃𝑣ℓ+1
1,T̃ − 𝑣̃ℓ+1

2,T̃ ∥2
𝑎T̃
ℎ

= ∥̃𝑣ℓ+1
1,T̃ ∥2

𝑎T̃
ℎ

− ∥̃𝑣ℓ+1
2,T̃ ∥2

𝑎T̃
ℎ

−→
ℓ→+∞

0.

It implies the convergence of 𝑣̃ℓ+1
2,T̃ − 𝑣̃ℓ2,T̃ and 𝑣̃ℓ+1

1,T̃ − 𝑣̃ℓ1,T̃ to zero. Since ∥̃𝑣ℓ
𝑖,T̃

| |
𝑎T̃
ℎ

is
bounded, there exists a sub-sequence 𝜑(ℓ) that converges,

𝑣̃
𝜑 (ℓ )
1,T̃ −→

ℓ→+∞
𝑣̃1,T̃ 𝑣̃

𝜑 (ℓ )
2,T̃ −→

ℓ→+∞
𝑣̃2,T̃ .

With (13), we have that 𝑣̃𝜑 (ℓ )2,T̃ ∈ 𝑉⊥
2 , which implies for all 𝑣 ∈ 𝑉2 that 𝑎T̃

ℎ
(̃𝑣𝜑 (ℓ )2,T̃ , 𝑣) = 0.

Passing to the limit, we get for all 𝑣 ∈ 𝑉2 that (𝑎T̃
ℎ
𝑣̃2,T̃ , 𝑣) = 0, which implies that

𝑣̃2,T̃ ∈ 𝑉⊥
2 . Since the projection P1 preserves convergence, we have by definition and

(16) that
P1̃𝑣

𝜑 (ℓ )
2,T̃ = 𝑣̃

𝜑 (ℓ )
2,T̃ − 𝑣̃𝜑 (ℓ )+1

1,T̃ −→
ℓ→+∞

P1̃𝑣2,T̃ = 0.

This implies that 𝑣̃2,T̃ ∈ 𝑉⊥
1 . So 𝑣̃2,T̃ must lie in the intersection, 𝑣̃2,T̃ ∈ 𝑉⊥

1 ∩ 𝑉⊥
2 .

Now this intersection is {0}, by the definition in (7). Hence, 𝑣̃2,T̃ = 0, and we have
proved that the sequence 𝑣̃ℓ2,T̃ converges to 0. The result for 𝑣̃ℓ1,T̃ is obtained similarly.
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