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1 Overlapping Schwarz with Two Point Flux Approximation
Finite Volume Discretization

We are interested in proving convergence of alternating Schwarz algorithms dis-
cretized with Two-Point Flux Approximation (TPFA) finite volume schemes. We
use as our model problem the Poisson equation in a domain Q ¢ R? with bound-
ary D, with a right hand side f € L?*(Q) and a Dirichlet boundary condition
g € L*(D). We decompose the domain € into two subdomains' Q; and Q, with
overlap Q]z = Qz] = Q] N Q.z, and set Q]] = Q] \Q]z and sz = QQ \Qz], see
Fig. 1 (left). The subdomain boundaries contain a Dirichlet part D; = D N E, and
an interface part I;, with 0Q; = D; U T;. We use the standard notation of TPFA
finite volume schemes [1], based on the use of admissible meshes I, see Fig. 1
(right), to ensure the necessary geometrical conditions for convergence under mesh
refinement. We denote a generic control volume by K and mg its measure, an
edge connecting two generic control volumes by o and m - its length, and the set
of all edges by &, see [1] for more details. We mesh €;; and €;; with admissible
meshes IMM;; and M;;, and let M, be the union of M;; of Q;; and M;; of Q;;. For
an admissible mesh IM;, we set 7; := (M;, Ep,, Er,) and the discrete approximation
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! The generalization to the many subdomain case does not pose any difficulty, since our discrete
proofs are based on the classical techniques used by Schwarz and Lions at the continous level,
which can be extended naturally to many subdomains.
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Fig. 1 Left: domain decomposition of Q with boundary D into Q; (blue) and Q, (red). Right:
admissible mesh with a generic control volume K and center x .

ur, 1= (s e, s ter, ) = ((WOKem s (o) reep, (Ho)aeer, ) € R fori = 1,2.

Throughout the following, the notation R™ represents a constant vector on the mesh

. We initialize the discrete alternating Schwarz algorithm with some g‘lgr , and
1

then it solves at iteration £ > 1 on subdomain €; the discrete problems

Pe (ub ) ifi=1,
Lf(uf’fri, fm,.,gsDi,gSri) = 0 with g(f"'l — 1 2

&r; C+1 N sp s
i PSrz (ulﬂ]) ifi =2,

6]

with the averaging operators at the interfaces between two control volumes

I
p ( ) MK,-dK,-a-+uK,dK,:o—
Ugp. ) =
7 d,o + dk; o )
Yo = K,'lKj € 8[}, i #jand K; € M;,
RO

and where we introduced the discrete operators

] VK € My, > Foluy) = m fx.,
‘L:(];(M'E, f‘mi9g8Di7gglii) = 0 — oebk
Vo € SDp Ug = 80> Vo e Sri, Uy = gl(;i,

Here the fluxes are defined using the TPFA scheme, namely

Ug —u Ug —

. Ug .
L ifo= K|L € Eips, ormo.d—o' ifoe&p, Uy,

F Usr) =Mg———m—m
K,o‘( 7’) o-dKo-"‘dLa— Ko

with &; jnr = &; \ Ep, U &, the internal edges. The source and boundary terms are
fk = #/K f(x)dx for K € M;, and g, := m%rfag(x)dx foro € &p, U Er,. If
the meshes coincide in the overlap, we can define the composite mesh Mt := Nty U
Mo UM on Q and g = (tmy,, myys Umy,) € R, and ur = (um, gs,,) € R is
discrete harmonic in Q with data g on the boundary,

LT(“Tv fm,gaD) =0. 3)
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Theorem 1 The iterates ufm_ of the discrete overlapping Schwarz algorithm (1)
converge to u; s, when € tends to co. In the case where the control volumes of MM,
and M, coincide in the overlap, the limit is ugy, solution of (3).

We will give two different proofs of convergence: the first proof in Section 2 uses
the maximum principle with f = 0 like in the original proof of Schwarz in [4] at the
continuous level, and the second proof in Section 3 with g = 0is based on a projection
argument like Lions’ proof at the continuous level in [3]. Note that in both cases, one
could also argue directly with the errors u; o, — uf"mi to remove the hypotheses f =0
and g = 0, so these are without loss of generality. For a discretization by a Discrete
Duality Finite Volume (DDFV) method, a projection argument was also used in [2]
to prove convergence of a discrete overlapping Schwarz method. Similarly to many
numerical discretizations defined on general meshes, the DDFV method does not
satisfy a discrete maximum principle.

2 Convergence using the maximum principle

In this section, the source f is zero, and we will consider discrete harmonic u,-. We
initialize the Schwarz algorithm with gérl = g := infp g where g is the Dirichlet
boundary condition, and we also define g := sup,, g. We start by giving two results on
the discrete maximum principle in the context of TPFA, and then prove convergence.
The proof of Propositions 2 and 3 are directly obtained by the maximum principle
given in Proposition 1, see also [1][Proposition 3.2]. The results are stated for the
particular configuration in Fig. 1, and the inequalities are understood componentwise
and hold on each cell.

Proposition 1 For j = 1,2, the discrete harmonic function in Q; with data equal
to g, on dQ; reaches its extrema on the boundary, and satisfies minaegaﬂf 8o <
Uy, < max(,egmi go-

Proposition 2 For j=1,2, if 81.6r,<82.6r; the discrete harmonic functions in Q;
with data equal to 0 on D ; and 8i.&r,; on I'; satisfy Ui, SU2m;

Proposition 3 For j = 1,2, there exists a constant q; € (0, 1) such that the discrete
harmonic function which equals 0 on D ; and 1 on I';j satisfies 0 < Pg (uj,gﬁj) <gqj
fori # j with P, defined in (2).

Proof. By the maximum principle in Proposition 1, u;w, € (0, 1), therefore by
definition Pg_ (u,m;) € (0, 1). Its maximum over all o € &y, is called g;. O

Proof of Theorem 1: We start the algorithm in Q| with the discrete harmonic
function ”},wzl equal to g on D and g onI'y. By Proposition 1, g < u%’% < g,and by
definition 8 < P‘8r2 (u%’gml) < g. The algorithm then solves in €, with data g on D>
and gérz = Pg, (u

)onI>. Againg <ul <3, andg < gérl = Pﬁrl (ué’smz) <g.

LMy 2,0, —
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1

At the second iteration we also have g < u? L, S 2. The difference u1 w, Ui, 18

discrete harmonic in 1, with zero data on Dl and data on I'} equal to

Pe (u34,) g €[0,G]l, G:=g-g.

This implies that u% W ul € [0,G]. Propositions 2 and 3 now imply that

‘ZIJl
0<Pq, (uiml - ”},iml )<¢1G. Proceeding similarly in €2, we obtain g < ”%,waz <g,
with u3 w ~ u) m, discrete harmonic in Q,, with zero data on D, and data on I';
equal to Psr2 (uim] - ui,m ) € [0, q1G]. Following the discrete Schwarz algorithm

thus creates the sequence u’ € [g ¢] with

j‘JJi
£+1 -1 {+1 t -1
0<u1§m _ulg]gl <(qu2) G 0<u2(ﬂg _u2w¢2<QI(QI¢D) G
oy Wi,

G(q192)P~ ! therefore the series is convergent, defining a limit u; g, . Furthermore,
by continuity, gﬁri converges to Pgl_i (u f»m‘.i) = 8er, - Now, if the meshes M| and

Writing 0 < uff! —ul = ZZ l(up+] ”Zani)’ the terms in the sum are bounded by

M, are identical on the overlap, denoted by I ,, we define in Qi; Ujm,, &S Uj g, N
the volume, g on D, 8er, ON I[;, and Pg,. (u;m,) on I';. The difference is discrete
harmonic in the overlap, with data O on D, and on T3, 8er, — PSri (u j,wj) which
is zero, by passing to the limit in (1). By the maximum principle the difference is
zero, the limits coincide in the overlap. Thus, the limit uy = (#1,m,,> U1,m155 Y2, )
is solution of (3).

3 Convergence using projections

We now assume, again without loss of generality as explained earlier, that the
Dirichlet boundary condition is homogeneous, g = 0, and that in the overlap the
meshes coincide, M1, = W12, and prove convergence using projection operators.
We initialize the algorithm with g(lSrl = 0. We define on R™ the bilinear and linear

forms

a3 (W, vm) = ) ZED o (0n)Do(ow). Lalow) = ) mx frvg,

- KeMm
where the discrete gradients are given by
o(vg) ==vp —vg if o = K|L € Ejpy, or —vg if 0 € Ep.

In the following, the same notation Ly, is kept for Ly, (vay, ), even if vey, € R™: in this
case, the sum will be taken over M; only, instead of M. The variational formulation
of (3) on the entire domain is u; = (ugy,0g,)) € R7 and
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Find Uy € R‘JR s. t. a;lln(ug]g, Ug]g) = Lh(Ugﬁ), Vl}gﬁ S Rsm (4)

In order to include the Dirichlet traces for the transmission conditions in the Schwarz
algorithm (1) in the variational formulation, we extend vy, by adding the values on the
two interfaces, vz = (vy,,, Ver, » Umyy» Ver, » Umy,) € R”7. With these interface values,

we obtain on the extended R” the bilinear form

_ m
ay (wz,vz) := Z —ZD o (ww) D & (0p)
0’68\{81‘1 Uar‘z}

" (5)
+ d < (wa'_ka)(v(T_UKk)'
0’=K1|K2€81‘1U81"2 k=1 Kio
We define on the subdomains R” the bilinear forms
m m
ah,i(w'rp vTi) = Z _O-Da(w‘m,«)Da'(U‘m,-) + Z _o-(wo' —wk) (Ve — vk).
do— dKo‘
(TE((;i\Sri O‘=K|F,—€81‘i
The variational formulation on each subdomain ; of (1) is then
Find uf’r,i = (uf’wi, Ocy, ggri) eR%s.t. ©

¢ T
ah,i(u,',(r[, UO,'ri) = Lh(UZUEi), VUO,?; = (Uim,-, OsDi ’081",-) € Rol~

In order to rewrite (6) with the extended bilinear form a7, we need an operator Pz
that transforms vy, into a vz containing the traces on I'; and I,

P?(U‘IR) = (USUll]vPSFz (v‘ﬂi)’ Uﬂ]{]zv PSFI (U‘JJI)’ Uﬂ]?zz) € R}

wan,
We also define for any wy, an operator P,"3

values from wy,, to vz on the entire domain,

: R™ — R that extends vy, with

W
P2_,21 (UWI) = (UETR]] ’ PSFZ (U‘Jﬁl )9 1)9]?12’ P51—~1 (w\mz)7 w‘)}lzz)’

and for any wy,, an operator Pl]”filz : R™ — R” that extends vy, With values from
Wy, 10 vz on the entire domain,

win
Pl_,lz(v‘mz) = (w(mll’Parz (w‘m]), Ugnyps Parl (Uﬂﬁz)’ U‘mzz)'

We define two subsets of R” representing subdomain functions extended by zero,

Vi = (PY™ (uow,), v, € K™} and Vs = {P\™) (0w,), vm, € R™2}

S Vl — HU‘mp v= (U‘LIJIH’PSFZ (UZUEl)a U‘Jﬁlz»oal—*l 70%322)7
veV, & vy, v= (051]211,081_2,1)9];12,[)81_1 (wa,)> Wi,y )-

)
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Lemma 1 V(wy, vy,) € RM x RM: and vo,m = (va, Ogﬂ”)e R™ we have

= Ogyz .
a5 (P7(wy), P2 (v,)) = a3 (i, 0.3, ®)

and ¥V (wz, vy,) € R7 x R™ | with vo,7; := (Um,,0g,, ,0g. ) € Rﬁ, we have

T O
ah(w’?’ Pj_)[(vﬂl?[)) = ah,i(w’ll'-s UO,’I})' (9)

Proof. To get equality (8), we only need to look at one interface I';, for the other
interface the argument is analogous due to the definition of P,. Setting i = 1, the
contribution for every o = K |K; € &r, (with K| € M, and K, € M»y) on the left
hand side of (8) is

(Po(wyp) —wg,) (vo — VK,) N (Po(wyp) —wk,) (vo — VK,)
dl(lo— ngo-
_ (Po(ww) — wk, vk,

dK[O'

TL =

b}

since v, = vk, = 0. On the right hand side of (8), we get

(wK2 - U)K])(UK2 - UK]) (wK2 - wK])UKl
TR = = -
dK]G' + dKzO' dK]G' + dKzO'

since vk, = 0. The definition (2) of P, (wy) implies then after a short computation
that Tg = Tr. Similarly, we can also prove (9). a

From the solution uy, of (4) on the entire domain, we extend solutions in R7,in
the sense of Lemma 1, including interface values,

u(m P
2_ﬁ(ugml) and 7= P1_>2(um2).

Note that by definition, we have u| 7 = up 7= P7(ux). We define the orthogonal
T _ T _
projections P; := Pi’? inR”onV;and Q; := P‘lf" inR” on le, which are naturally
A ;i : : ;
related by Q; = I-P;. From the solutions on the subdomains (u¢ - u2 ) € RIXR?

of (6) we define extended solutions on the entire domain in R” , in the sense of Lemma
1, using the previous iterate on the rest of the domain, namely

~¢ zsm ~¢
u, ~:=P 2(1sm) and u

7 251 27 =P, t (ugﬂﬁz)' (10)

1-2

Lemma 2 The extended solutions from (10) satisfy the projection identities
- == (i -w and W --u>=0Q -u
1,7 2 7 2,7 2.7 2,7 = X2 1,7

Proof. Using Lemma 1 for the solution of (4) and (6) implies that
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7o~ ~ OJJl
a;(lfﬁ,‘f f?” 2_,21(Uwal)) ap (MJJI’U() m) = an, 1(”1 71 0, ’7’)

= Lh(UO,ﬂJI) - Lh(Uﬂle) =

Now adding +u ! in the first argument of the bilinear form gives

ai(ﬁl,;—ﬁij;‘ (@~ 752 PY™ (o)) = 0. (11)
By definition, we have that f gJ € Vy, which implies together with (11) the
projection identity
a -l =P (a2 -t (12)
1.7 "7 s =7

Adding @ >! i 7 on both sides, and using that Q; = [~ Py and iy 7 = it 7, We get

ﬁf,; upF=Q ( ﬁl,?) Q ( — iUy "r) :
The second identity can be proved similarly. O

Proof of Theorem 1: To simplify the notation, we introduce now the differences
'Jf _=ul - —u,=and 0 . := ul - — U, =. We thus have by Lemma 2 for all £ the
T 1,7 > 2,7 2,7 4

projection identities
~ € 1 ~(+1
o =Qi, W=t (13)

To prove convergence, we have to prove that the sequence of differences Fg 5 tends

l’+1

to 0. From (13), adding and subtracting V|7, we get

4 € ~C+1 | ~C+1

~ ~
V== 0z +U 2 =Py 2+ Quu, .

We now use the Pythagoras Theorem, and obtain the inequality

~ 12 o S22 S+ 2
057177 = IIv; 7 +||~+|| Lzl +|| (14

ap

27 21

Similarly, also using (13) but now adding and subtracting v“' we get

7][’+1 ~(+1  ~C+1 |, ~+1 — P Ul’+_1 +Q ~(+1

1,7 = V7 “Ug thz = V7>
which leads with the Pythagoras Theorem to the inequality
—C+1)12 SO+l g2 —(+1)12 SO+ 2
I[o +||~—||+ b 7 #0517 = 711 (15)
ap h h

The two norm inequalities (14) and (15) then show that the two sequences ||v2 ,7|| 7

and ||v Al ol are non-increasing. Since they are non-negative, they must converge to

a 11m1t say L2 and L;. The inequalities (14) and (15) furthermore imply for these
limits that L, > L; > L;, and hence the limits must be equal, L; = L, = L.
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Moreover, (14) implies that

~€ 1)2 2 ~(+1/2
11957 — o 7 || =0 || sl Gl 7 T 0, (16)
and (15) implies that
||"{+1 ~€+1”2~ — ||~€+1||2 ”"{+1”2 _) 0
P .
It implies the convergence of U[+1 'v'z - and v“l ¢ to zero. Since |[o¢ .|| 7 is
T 1,7 uh

bounded, there exists a sub—sequence ¢(£) that converges,

4
~<lp( ) o DY
T f—+c0 T {00

With (13), we have that“p(f) € V5, which implies for all v € V, that a'r W(E) ,0) =

Passing to the limit, we get for all v € V, that (a 102,75 v) = 0, which 1mp11es that
Uy7 € V5. Since the projection Py preserves convergence, we have by definition and

(16) that
le(f) ~p() ~<p(£’)+1

Uy 7 U7 U7 Pioy7 = 0.

>+
This implies that 7, 7 € V. So 1, 7 must lie in the intersection, v, 7 € V;" N V3"
Now this intersection is {0}, by the definition in (7). Hence, v 7 = 0, and we have

proved that the sequence 7% - converges to 0. The result for 'Jf - is obtained similarly.

2,7
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