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1 Introduction

We propose a configuration to validate solver methods for Maxwell’s equations
that involves computing the near-field around a nanoparticle. Besides numerical
computations, a reference solution itself can be computed using Mie’s scattering [18]
theory.

Mie scattering theory is a well-established method for calculating the scattering
of electromagnetic waves by spherical particles. It provides an analytical solution to
the scattering problem in the form of an infinite series expansion and can be easily
computed, making it an ideal reference for validating numerical methods. Here we
use the software Scattnlay [16, 15] to compute the reference solution based on Mie’s
scattering theory. As an application example, we compare the resulting near-field
with numerical solutions obtained by the finite element method (FEM). Therein, the
Time-Harmonic Maxwell’s Equations (THM) must be computed, for which we need
Nédélec finite elements [20, 21].

To compute the FEM-based solution, we use the finite-element library deal . IT [1,
3] and we refer specifically to our implementation efforts over the last three years for
sustainable codes in deal . IT that work on globally refined as well as locally refined
meshes. Those algorithmic advancements are described and outlined in [13, 14].
The resulting linear system is solved with FROSch (Fast and Robust Overlapping
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Schwarz) [11, 12] a parallel domain decomposition preconditioning package, which
is part of the Trilinos software library [17], that is accessed via the deal.II-
FROSch interface [10, 13].

2 Time-Harmonic Maxwell’s Equations

In the following, we introduce the weak form of the Time-Harmonic Maxwell’s
Equations (THM) used in the FEM. We consider Q ¢ R to be a bounded Lipschitz
domain with a sufficiently smooth boundary. The boundary I' = '™ U T s split in
the absorbing boundary conditions ', and the incident boundary conditions """,
One simple choice for the absorbing boundary conditions is Robin-type boundary
conditions of the form:

w~(nx (curl (n))) — iVew (n X (uxn)) = 0. (D)

These correspond to the first-order approximation of the Sommerfeld radiation con-
ditions.
The THM is given by, find u € H(Q) such that, for all ¢ € Hcy,q(Q) it holds:

/ (,u_l curl (u) - curl (¢) — ew’u - go) dx

Q

+iVew /(n x (uxmn))-(nx (@ xn))ds, )
r

= (nx (0™ xn)) - (nx (¢ xn)) ds.
Tinc
Here the incident boundary condition is described by u™ with n x ul™ €
LZ(F‘"C,Cd). Moreover, i is the imaginary number, ¢ € R* is the relative per-
mittivity, 4 € R* is the relative magnetic permeability, w = 27” is the angular
wavenumber, and A € R* is the wavelength. For a detailed derivation of the THM,

we refer to [19].

3 Optimized Schwarz Preconditioners

Employing the Finite Element Method (FEM) to discretize boundary value problems
on some computational domain Q results at some point in sparse linear equation
systems of the form

Ax =b. 3)

For future reference, we use & to represent the mesh parameter, and the finite element
space is denoted as V := V" (Q).
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Solving wave-type problems with FEM is challenging and requires suitable solver
methods [7]. One prominent approach is based on domain decomposition methods,
especially on optimized additive Schwarz (OAS) and optimized restricted additive
Schwarz (ORAS) preconditioners [22]. Especially for wave-type problems, stan-
dard additive Schwarz preconditioners often lead to suboptimal convergence rates
compared to optimized Schwarz preconditioners.

Let us consider the THM equations

curl(curl(u)) —ew’u =f inQ,

where f is a source term and we assume suitable boundary conditions on d€2. We
decompose Q into N non-overlapping subdomains Qj,...,Quy. In practice, this
decomposition may, for instance, be obtained via a geometrical approach or via
partitioning the dual graph of the triangulation using a graph partitioning tool, such
as p4est [6]. We denote the size of the overlap by 6 = kh and define the local finite
element spaces V; on the local overlapping subdomains. Due to our construction,
it follows that V; c V, and we can define restriction operators R; : V — V; and
corresponding prolongation operators P; : V; — V, forall 1 <i < N. Both can be
represented as sparse binary matrices, and P; = R is the transposed operator of R;.
In particular, the OAS preconditioner reads

N
Mgas = Y PiBI'R;, (4)

i=1
and the ORAS preconditioner reads

N
MGhas = Z P.D;B;'R;, )
i=1

where D; is a binary, diagonal scaling matrix, and in the most simple case, the matrix
B; is the discretization of the differential operator curl(curl(u)) — sw?u using the
e
the nodes of Q] \ Q. a is the Robin parameter, which can be tuned and gives the
method its name. In practice, the optimization can be done either theoretically [8] or
computationally via numerical calibration. In a Krylov iteration, the application of
Bi‘l typically corresponds to solving a system of the form

local finite element space V; and with Robin boundary operator ( + a), a € R, on

Biyi = Ri(b — Ax™),

for y;. The right-hand side is a restriction of the residual to €2/, and x(¥) is the iterate in
the kth iteration. In particular, the restriction R; is chosen such that R; (b—Ax¥)) = 0
for the nodes on BQ; \ Q. As a result, we enforce the Robin boundary condition

3
(6—n+a)=o (©6)
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on those nodes.

Other boundary conditions employing a perfectly matched layer (PML) [5] or
other types of absorbing boundary conditions [9], are more complex and depend on
more than one parameter, but may yield even better convergence than Robin boundary
conditions. In all optimized Schwarz methods, the matrix B; cannot be obtained
algebraically. Instead, the local system matrix has to be assembled separately to
construct the preconditioner, making this method rather complicated to implement.
Therefore, it is not feasible to implement such a method from scratch; rather, we use
deal.II-FROSch interface introduced in [10, 13], to solve the scattering problem.

4 Numerical Simulations

For the configuration, we assume a silver particle surrounded by air. The computa-
tional domain is given by Q = [-200 nm, 200 nm]?, and the silver particle is located
at the center of the computational domain and given by Qparicte := {(x € Q|||x|| <
100 nm) }. Note that we assume the origin of the coordinate system to be at the center
of the silver particle. The nanoparticle has a refractive index of rag = 0.0 + 4.0i,
and the surrounding air has a refractive index of n,; = 1.0. As the incident field, we
consider a planar wave with a wavelength of 4 = 250 nm and linear polarization in
the y-direction on Iy, = {200} x [-200, 200] x [-200, 200] nm and absorbing
boundary conditions on all other boundaries. The geometry is shown in Fig. 1 (left).
In deal.ITI we use a SphericalManifold to create the particle.

Fig. 1 Left: A silver particle with a radius of 100 nm surrounded by air, of which we compute
the near-field scattering when it is hit by a planar electromagnetic wave. Right: Visualization of
the considered domain decompositions. An automatically generated domain decomposition is used
with the ORAS preconditioner.

Mie theory, developed by the German physicist Gustav Mie in 1908, is a fun-
damental analytical method for calculating the scattering of plane electromagnetic
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Fig. 2 The x-y cross-section of the intensity of an electric field scattered from a silver ball in
a vacuum, computed with the optimized Schwarz method on an adaptively refined grid. Left:
The resulting electric field, computed via Scattnlay, based on Mie’s theory. Right: The solution
computed with the ORAS preconditioner.

waves by spherical particles [18]. It is widely used in various fields, including atmo-
spheric science, biomedical optics, and nanotechnology, as detailed in [4, Chapter
4]. The key components of Mie’s theory include calculating scattering coefficients,
scattering amplitudes, and cross sections, which describe the particle’s efficiency
in scattering, absorbing, and extinguishing the incident light. The resulting electric
field, computed via Scattnlay, is shown in Fig. 2 (left).

The following results were computed using the deal.II-FROSch [10, 13], which
utilizes the ORAS preconditioner as introduced in Section 3. The resulting near-
field around the nanoparticle is shown in Fig. 2. The electric field intensity is
similar to the solution computed with the ORAS method, as shown in Fig. 3. The
difference between the result computed with the optimized Schwarz method and
the solution computed with Scattnlay is due to the absorbing boundary conditions.
As discussed in Section 2, the Robin-type boundary conditions correspond to a
first-order approximation of the absorbing boundary conditions.

4.1 Physics Results

As validation of the method, one can compute a reference based on Mie’s theory,
e.g., by using Scatnlay [16]. Moreover, we provide three point values and the L>-
norm of the solution inside of the particle as a reference. For the point evaluation,
we consider the intensity of the electric field in front of the silver ball at P(_150,0,0).
and behind the silver ball P (;50,0,0), and the L?-norm of the electric field inside of
the silver ball ||uoras|| L2 (Qparicie) - These values are provided in Table 1.

In comparison between the solution computed with Scattnlay, shown in Fig. 2
(left), and the solution computed with ORAS, shown in Fig. 2 (right), the main
features of the solution match. Nevertheless, there are some differences between
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Table 1 Overview of the reference values on different refinement levels.

DoFs  [P-15000)]  [P150,0,0)  [1oras 122 (@puiae)
175264 0.69369 0.15696 0.0070596
1388 864 0.70086 0.16449 0.0071176
11059 840 0.70257 0.16678 0.0070593

0.5

9.2e-05

Fig. 3 The x-y cross-section of the intensity of an electric field scattered from a silver ball in a
vacuum. The solution was computed on the domain [-400 nm, 400 nm]>. However, we restrict
our focus on the same domain as the other solutions displayed in Figure 2 for better comparison.
The left part of the ball is much closer to Scattnlay, while the right part slightly differs due to the
coarser overall resolution due to the domain increase.

these solutions, which can be quantified by considering the L? difference:

”uORAS - uMig”LZ(Q) = 0.083,

where uoras is the numerical solution and u ;. Mie’s analytical solution, obtained
from the Mie theory calculator web application!. This difference arises from the
discretization error and the use of Robin-type boundary conditions as absorbing
boundary conditions. To validate the influence of the Robin-type boundary condi-
tions, we compute the near-field in the domain [-400 nm, 400 nm]3. The result is
shown in Fig. 3. The result shows a better agreement with the solution from Scattnlay.

4.2 Solver Analysis

To evaluate the performance of the ORAS preconditioner, we investigate the number
of GMRES iterations and computing times in a weak scalability study. In particular,
we consider one subdomain per MPI rank and vary the number of subdomains

! https://github.com/ovidiopr/scattnlay
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Table 2 Overview of the wall times and the number of GMRES iterations required to solve
the near-field problem around the nanoparticle using the ORAS preconditioner, depending on the
number of ranks, which corresponds to the number of subdomains.

overlap width 5 %|overlap width 10 % |overlap width 20 %

nGMRES | twal]ume nGMRES | twallume nGMRES | twallume

#ranks| DoFs

2| 175264 14| 1.6 min 11| 1.7 min 9 2.0 min
16| 1388 864(> 1000 - 30| 2.4 min 23 3.6 min
128|11 059 840({> 1000 —|> 1000 —| 181] 21.0 min

(resp. MPI ranks) while keeping the number of DoFs per non-overlapping subdomain
fixed. In three dimensions, this is achieved by a single global refinement and an
eightfold increase in the number of subdomains. Furthermore, to investigate the
influence the impact of the overlap, we vary the number of layers of overlap k. The
stopping tolerance for the absolute residual of GMRES is chosen as 107!2.

The presented results were computed on a server with a 2 x AMD EPYC 7H12
64-Core processor and 1024 GB of RAM. As a subdomain solver for the domain
decomposition method, the direct solver MUMPS [2], called in serial, was used. As
an iterative solver, the default GMRES solver of deal.II was used, where the
size of the Arnoldi basis is set to 30; preconditioning is done from the left, and
re-orthogonalization is only done if necessary.

The computation of the near-field around a nanoparticle is a challenging appli-
cation. As described above, we have seen the influence of the absorbing boundary
conditions. Next, we examine the number of GMRES iterations required when using
the ORAS preconditioner. The results are reported in Table 2. Here, the overlap
width is chosen relative to the subdomain size; hence, we report H/h. On the finest
level with around 11 million DoFs, an overlap of § ~ 20% was required for GMRES
to converge under 1000 steps. In this case, the assembly of the global system matrix
took 274 seconds, the assembly of the local matrices took around 126 seconds, the
computation of the preconditioner took around 932 seconds, and solving the global
linear system took around 964 seconds. Note that, due to an suboptimal choice of
the Robin parameter in the transmission boundary conditions of the overlapping
subdomain problems, we require an overlap of 20% for GMRES to converge within
1000 iterations. We made this choice because, in small-wavelength test cases, the
parameter had only a minor influence. However, in the present work, where the
wavelength is large compared to the computational domain, the Robin parameter is
expected to have a stronger impact on the convergence rate. Therefore, optimizing
the Robin parameter could improve solver performance. This is left for future work.
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