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1 Introduction

Neural network approximation to PDEs has become an active research area since
its success with physics informed neural networks [9], where the PDE solution is
approximated by training neural network parameters to optimize a loss function
to the PDE with the prescribed boundary or initial conditions. The new approach
can be easily applied to PDEs without meshing the problem domain. It can handle
nonlinear, time-dependent, and inverse problems, and can also utilize provided data
to improve the accuracy and efficiency of the trained solution. On the other hand, its
success highly depends on the hyperparameter settings, such as, network architecture,
training samples, the design of the loss function, and the optimizer choice. In addition,
the high computational cost for training network parameters is one of the major
limitations of the new approach compared to the classical approximation methods.

To address the high computational cost issue, domain decomposition based ap-
proaches have been developed in [4, 3, 8, 7, 11, 5]. In [4, 3, 8], partitioned networks
based on nonoverlapping or overlapping subdomains are formed to approximate the
PDE solution and their parameters are trained for a global loss function, which can
take considerable communication cost in a multi-process computation environment,
see [10]. In [7, 11, 5], local loss functions are associated with local neural networks
and independently trained local neural network solutions are combined with itera-
tive algorithms of domain decomposition methods to give approximate convergent
solutions. In the authors’ recent work [6], an iterative algorithm was proposed based
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on the classical FETI formulation [1] and some preconditioning schemes were also
developed for the iterative algorithm in order to speed up the convergence.

In [6], a minimization problem on the interface solution value was solved iter-
atively by the gradient descent method, where the gradient value is obtained from
normal flux values of local solutions sharing the interface. By taking one of the
normal flux implicitly, the gradient descent method can be reformulated into a Robin
iterative algorithm. In this work, as a continuation of the authors’ previous study [6],
taking one of the gradient terms implicitly, a Robin iterative algorithm is proposed
and its two-level extension is developed to improve the parallel scalability. Numerical
results will be provided to show the efficiency of the Robin iterative algorithm.

2 Neural network approximation on non-overlapping subdomain
partitions

In this section, we include a brief overview of neural network approximation based
on non-overlapping subdomain partitions. For the description of the method, we
consider the following model elliptic problem on a convex polygonal domain Ω in
R2,

−△𝑢 = 𝑓 in Ω, 𝑢 = 𝑔 on 𝜕Ω, (1)

where 𝑓 is a square integrable function in Ω.
By dividing the domain Ω into nonoverlapping subdomains {Ω𝑖}𝑁𝑖=1, we can

rewrite the above model problem into an equivalent partitioned problem, find 𝑢𝑖 in
each 𝐻1 (Ω𝑖) such that

−△𝑢𝑖 = 𝑓 in Ω𝑖 ,

𝑢𝑖 = 𝑢 𝑗 ,
𝜕𝑢𝑖

𝜕𝑛𝑖
= −

𝜕𝑢 𝑗

𝜕𝑛 𝑗

on Γ𝑖 𝑗 , ∀ 𝑗 ∈ 𝑠(𝑖),

𝑢𝑖 = 𝑔 on Γ𝑖0 = 𝜕Ω𝑖

⋂
𝜕Ω,

(2)

where 𝑠(𝑖) denotes the set of subdomain indices 𝑗 such that Ω 𝑗 is the neighboring
subdomain that shares the interface Γ𝑖 𝑗 with Ω𝑖 , and 𝜕𝑢𝑖

𝜕𝑛𝑖
denotes the outward normal

flux for the solution 𝑢𝑖 of the subdomain Ω𝑖 . Throughout the paper, we will use the
notation 𝑖 and 𝑗 to denote the subdomain indices.

In conservative physics-informed neural network (cPINN) methods [4], local
neural network functions 𝑈𝑖 (𝑥; 𝜃𝑖) are employed to approximate the solution 𝑢𝑖 in
each subdomain Ω𝑖 and the following global loss function is formed to train the local
network parameters 𝜃𝑖 ,
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𝐿 (𝜃1, · · · , 𝜃𝑁 ) := 𝑤𝐼

𝑁∑︁
𝑖=1

∑︁
𝑥∈𝑋 (Ω𝑖 )

|△𝑈𝑖 (𝑥; 𝜃𝑖) + 𝑓 (𝑥) |2

+ 𝑤𝑁

∑︁
Γ𝑖 𝑗

∑︁
𝑥∈𝑋 (Γ𝑖 𝑗 )

����𝜕𝑈𝑖

𝜕𝑛𝑖
(𝑥; 𝜃𝑖) +

𝜕𝑈 𝑗

𝜕𝑛 𝑗

(𝑥; 𝜃 𝑗 )
����2

+ 𝑤𝐷

𝑁∑︁
𝑖=1

∑︁
𝑗∈𝑠 (𝑖)

∑︁
𝑥∈𝑋 (Γ𝑖 𝑗 )

��𝑈𝑖 (𝑥; 𝜃𝑖) −𝑈 𝑗 (𝑥; 𝜃 𝑗 )
��2 + 𝑤𝐸

𝑁∑︁
𝑖=1

∑︁
𝑥∈𝑋 (Γ𝑖0 )

|𝑈𝑖 (𝑥; 𝜃𝑖) − 𝑔(𝑥) |2 ,

where 𝑋 (𝐴) denotes the set of sample points chosen from the region 𝐴. In the above,
𝑤𝐼 , 𝑤𝑁 , 𝑤𝐷 , and 𝑤𝐸 are weight factors introduced to balance the different terms in
the loss function.

In order to utilize the partitioned neural network structure for a multi-processor
parallel computing environment, a localized loss function was proposed in the second
author’s work [5],

𝐿𝑖 (𝜃𝑖) := 𝑤𝑖,𝐼

∑︁
𝑥∈𝑋 (Ω𝑖 )

|△𝑈𝑖 (𝑥; 𝜃𝑖) + 𝑓 (𝑥) |2

+ 𝑤𝑖,𝑁

∑︁
𝑗∈𝑠 (𝑖)

∑︁
𝑥∈𝑋 (Γ𝑖 𝑗 )

����𝜕𝑈𝑖

𝜕𝑛
(𝑥; 𝜃𝑖) −𝑈𝑖 𝑗 ,𝑛 (𝑥)

����2
+ 𝑤𝑖,𝐷

∑︁
𝑗∈𝑠 (𝑖)

∑︁
𝑥∈𝑋 (Γ𝑖 𝑗 )

���𝑈𝑖 (𝑥; 𝜃𝑖) −𝑈𝑖 𝑗 (𝑥)
���2 + 𝑤𝑖,𝐸

∑︁
𝑥∈𝑋 (Γ𝑖0 )

|𝑈𝑖 (𝑥; 𝜃𝑖) − 𝑔(𝑥) |2 ,

where the interface solution value 𝑈𝑖 𝑗 is defined as, with 0 ≤ 𝛼 ≤ 1,

𝑈𝑖 𝑗 (𝑥) := (1 − 𝛼)𝑈𝑖 𝑗 (𝑥) + 𝛼
1
2

(
𝑈𝑖 (𝑥; 𝜃̃𝑖) +𝑈 𝑗 (𝑥; 𝜃̃ 𝑗 )

)
by using the trained parameters 𝜃̃𝑖 and 𝜃̃ 𝑗 of the previous outer iteration, and the
interface value 𝑈𝑖 𝑗 of the previous outer iteration. The interface normal flux value
𝑈𝑖 𝑗 ,𝑛 is similarly defined by using the local solution normal flux values. Inside each
outer iteration, the local network parameters 𝜃𝑖 are independently trained for the loss
𝐿𝑖 (𝜃𝑖) with a certain number of training epochs and the trained local solutions are
then used to update the interface values 𝑈𝑖 𝑗 and 𝑈𝑖 𝑗 ,𝑛 for the next outer iteration.

In [5], data communication between local neural networks is thus required at
every outer iteration but not every training epoch in contrast to the cPINN. Such
an approach could save the data communication cost greatly and it becomes more
suitable for parallel computation, i.e., training local neural networks in parallel by
using multiprocessors. On the other hand, the numerical experiments in [5] showed
a slower convergence for the iterative solutions, which is related to the fact that the
update formula for 𝑈𝑖 𝑗 and 𝑈𝑖 𝑗 ,𝑛 are not optimized for the model problem. In the
authors’ previous study [6], an optimized update formula for𝑈𝑖 𝑗 was proposed based
on the classical FETI formulation [1] for the model problem in (1). For the given
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interface solution value 𝑢 (𝑛) , the next iterate 𝑢 (𝑛+1) is obtained as

𝑢 (𝑛+1) = 𝑢 (𝑛) − 𝜖
©­«
𝜕𝑢

(𝑛)
𝑖

𝜕𝑛𝑖
+
𝜕𝑢

(𝑛)
𝑗

𝜕𝑛 𝑗

ª®¬ on Γ𝑖 𝑗 , (3)

where 𝑢 (𝑛)
𝑖

and 𝑢
(𝑛)
𝑗

denote the local problem solutions of Ω𝑖 and Ω 𝑗 for the provided
interface value on their boundaries taken from the current interface solution value
𝑢 (𝑛) . For a sufficiently small 𝜖 (> 0), the iterates 𝑢 (𝑛) are shown to converge to the
problem solution on the interface Γ. The details of the proposed scheme are listed
in Algorithm 1. Due to the small step size assumption on 𝜖 , various preconditioning
schemes were also proposed and tested in the authors’ previous study [6] in order to
speed up the iteration convergence.

Algorithm 1 Gradient descent algorithm (GD)
Step 1: Train the network parameter 𝜃𝑖 of 𝑈𝑖 (𝑥; 𝜃𝑖 ) for the Dirichlet problem,

−△𝑢𝑖 = 𝑓𝑖 in Ω𝑖 ,

𝑢𝑖 = 𝑢(𝑛) |Γ𝑖 𝑗 on Γ𝑖 𝑗 , 𝑗 ∈ 𝑠 (𝑖) , 𝑢𝑖 = 𝑔 on Γ𝑖0.
(4)

Step 2: Update 𝑢̄(𝑛+1) by using gradient descent method, with a sufficiently small 𝜖 > 0,

𝑢̄(𝑛+1) = 𝑢̄(𝑛) − 𝜖 𝑟𝑖 𝑗 on each interface Γ𝑖 𝑗 ,

where
𝑟𝑖 𝑗 :=

𝜕𝑈𝑖 (𝑥; 𝜃𝑖 )
𝜕𝑛𝑖

+
𝜕𝑈 𝑗 (𝑥; 𝜃 𝑗 )

𝜕𝑛 𝑗

on each interface Γ𝑖 𝑗 .

Step 3: Go to Step 1 to proceed the iteration if the stop condition is not met.

3 Robin iterative algorithms for partitioned neural network
approximation

We can improve the iterative scheme in (3) by taking one of the normal flux values,
i.e. 𝜕𝑢𝑖/𝜕𝑛𝑖 , implicitly to obtain

𝑢 (𝑛+1) + 𝜖
𝜕𝑢𝑖

(𝑛+1)

𝜕𝑛𝑖
= 𝑢 (𝑛) − 𝜖

𝜕𝑢
(𝑛)
𝑗

𝜕𝑛 𝑗

on Γ𝑖 𝑗 . (5)

The resulting formula in the above is identical to the Robin interface condition. We
then propose Algorithm 2 of the Robin iterative method.

For the Robin iterative method, its convergence is affected by the choice of
the parameter 𝜖 . In [2], for a symmetric two-subdomain partition case with local
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Algorithm 2 Robin iterative method (RB)
Step 1: Train the network parameter 𝜃𝑖 of 𝑈𝑖 (𝑥; 𝜃𝑖 ) for the Robin problem,

−△𝑢𝑖 = 𝑓𝑖 in Ω𝑖 ,

𝑢𝑖 + 𝜖
𝜕𝑢𝑖

𝜕𝑛𝑖
= 𝑟

(𝑛)
𝑖

|Γ𝑖 𝑗 on Γ𝑖 𝑗 , 𝑗 ∈ 𝑠 (𝑖) , 𝑢𝑖 = 𝑔 on Γ𝑖0.

Step 2: Update 𝑟 (𝑛+1)
𝑖

=𝑈 𝑗 − 𝜖
𝜕𝑈 𝑗

𝜕𝑛 𝑗
on each interface Γ𝑖 𝑗 , 𝑗 ∈ 𝑠 (𝑖) .

Step 3: Go to Step 1 to proceed the iteration if the stop condition is not met.

problems discretized by conforming linear finite elements of the uniform mesh size
ℎ, the optimal parameter is shown to be 𝜖 =

√
ℎ. In the neural network approximation,

we can also train the parameter 𝜖 to minimize the cost function in order to accelerate
the Robin iteration scheme adaptively in contrast to the standard finite element
approximation. In our computation, we simply choose 𝜖 = 1/

√
𝑚, where 𝑚 is the

number of sample points on each Γ𝑖 𝑗 , following the finite element recipes.
In order to improve the parallel scalability of the Robin iterative algorithm, we

now include a coarse neural network 𝑈0 (𝑥; 𝜃0) to the neural network approximation
𝑈 (𝑥; 𝜃0, 𝜃1, · · · , 𝜃𝑁 ),

𝑈 |Ω𝑖
= 𝑈𝑖 (𝑥; 𝜃𝑖) + 𝛼𝑈0 (𝑥; 𝜃0)

with an adaptively chosen parameter 𝛼 > 0. For the choice of 𝛼, we propose the
following adaptive strategy based on the residual error: 𝛼 is the average value of
∥ 𝑓 + △𝑈𝑖 (𝑥; 𝜃𝑖)∥ over the training sample points for the coarse network. Such a
choice can approximate the magnitude of the coarse solution of the residual equation
and can help to effectively train the coarse neural network solution. The resulting
two-level Robin iterative method is listed in Algorithm 3.

Algorithm 3 Two-level Robin iterative method (Two-level RB)
Step 1: Train the network parameter 𝜃0 for 𝑈0 (𝑥; 𝜃0 ) for the model problem, with 𝛼 (0) = 1,

−△(𝑈𝑖 + 𝛼 (𝑛)𝑢0 ) = 𝑓 in Ω, 𝑢0 = 0 on 𝜕Ω.

Step 2: Update 𝑟 (𝑛+1)
𝑖

, using 𝑈̃ 𝑗 :=𝑈 𝑗 + 𝛼 (𝑛)𝑈0,

𝑟
(𝑛+1)
𝑖

= 𝑈̃ 𝑗 − 𝜖
𝜕𝑈̃ 𝑗

𝜕𝑛 𝑗

on each interface Γ𝑖 𝑗 , 𝑗 ∈ 𝑠 (𝑖) .

Step 3: Train the network parameter 𝜃𝑖 of 𝑈𝑖 (𝑥; 𝜃𝑖 ) for the Robin problem,

−△𝑢𝑖 = 𝑓𝑖 in Ω𝑖 ,

𝑢𝑖 + 𝜖
𝜕𝑢𝑖

𝜕𝑛𝑖
= 𝑟

(𝑛+1)
𝑖

|Γ𝑖 𝑗 on Γ𝑖 𝑗 , 𝑗 ∈ 𝑠 (𝑖) , 𝑢𝑖 = 𝑔 on Γ𝑖0.

Step 4: Update 𝛼 (𝑛+1) , using average of ∥ 𝑓 + △𝑈𝑖 (𝑥; 𝜃𝑖 ) ∥ and go to Step 1 to proceed the
iteration if the stop condition is not met.
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4 Numerical results

In this section, we evaluate the performance of the proposed algorithms for the
Poisson equation on the unit square domain, Ω = (0, 1)2. We consider two model
solutions:

𝑢1 (𝑥, 𝑦) = sin(𝜋𝑥) sin(𝜋𝑦), (6)
𝑢2 (𝑥, 𝑦) = sin(𝜋𝑥) sin(𝜋𝑦) + 0.05 sin(8𝜋𝑥) sin(8𝜋𝑦), (7)

where the first model is smooth, and the second model contains high-frequency
oscillations. The 𝐿2 errors are computed on 100 × 100 uniform test sample points
and the local and coarse problems are trained with 5000 epochs using the Adam
optimizer of the learning rate 0.001 inside each outer iteration.

We first compare the GD and RB methods for the smooth model problem (6). We
maintain the total number of parameters (approximately 5,500) and training sample
points (approximately 5,500) for all configurations and only increase the number
of subdomains in the partition. Fig. 1 shows the relative 𝐿2 errors over the outer
iterations as increasing the number of subdomains. The GD method converges slowly
and becomes significantly less effective as the number of subdomains increases. In
contrast, the RB method remains robust and converges rapidly across all subdomain
partitions, demonstrating its advantage over the GD method in the one-level setting.

Fig. 1 Plots of relative 𝐿2 errors over the outer iterations for GD (up) and RB (down) methods as
increasing the number of subdomains.

We next consider the model problem (7). For this experiment, we take a 4 × 4
subdomain partition and compare the performance of the RB and the two-level RB
methods. Each local network consists of four hidden layers with 13 neurons per
layer (599 trainable parameters per subdomain) and is trained with 620 training
sample points, resulting in 9,920 total sample points and 9,584 total parameters.
Coarse problem training sample points are constructed by taking 59 interior points
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randomly per subdomain (total 944 sample points). The coarse network employs the
same architecture as the local networks. Both the one-level and two-level methods
use the same network and training sample points for the local problems.

Fig. 2 compares the error decay behaviors of the one-level and two-level Robin
methods, showing that the two-level method achieves significantly faster convergence
than the one-level method. Fig. 3 shows the solution and error plots of the two-level
method over the first four outer iterations. The coarse correction can capture the
dominant global errors and thus provide effective updates to the Robin interface
values for the local problems, leading to faster convergence than the one-level Robin
method.

The proposed Robin iterative algorithms show promising results for the test
examples. Concrete convergence analysis with a suitable Robin parameter choice,
more extensive numerical experiments, and applications to more general PDEs will
be studied in our future work.

Fig. 2 Comparison of the relative 𝐿2 error decay for the one-level and two-level Robin iterative
methods on a 4 × 4 subdomain partition.
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