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1 Introduction

The Schwarz waveform relaxation algorithm has emerged as an efficient parallel-
in-time method for solving evolution problems, demonstrating significant potential
since its inception [10, 11, 12]. By decomposing the spatial domain into subdomains
and solving time-dependent problems iteratively and independently on these subdo-
mains, this algorithm facilitates parallelism in both space and time. The transmission
conditions governing the exchange of information at the interfaces between subdo-
mains are pivotal to the convergence performance of the algorithm. To accelerate
the convergence of the classical Schwarz waveform relaxation (SWR) method, the
optimized Schwarz waveform relaxation (OSWR) method was developed. It em-
ploys transmission conditions tailored to the physical properties of the underlying
partial differential equations, which markedly accelerates the iterative process. This
approach has been successfully applied to various models, including diffusion equa-
tions [2, 4, 9], wave equations [7, 8], and multi-physics coupling problems [3, 13].

In this paper, we investigate the OSWR method for the one-dimensional
Kelvin–Voigt viscoelastic wave equation

𝜕𝑡𝑡𝑢 − 𝜀𝜕𝑡 𝑥𝑥𝑢 − 𝛾𝜕𝑥𝑥𝑢 = 𝑓 , in Ω × (0, 𝑇],
𝑢(·, 0) = 𝜓1, in Ω,

𝜕𝑡𝑢(·, 0) = 𝜓2, in Ω,

𝑢 = 𝜙, on 𝜕Ω × (0, 𝑇],

(1)

with particular focus on the algorithm’s robustness with respect to the damping
coefficient 𝜀, as the damping strength varies from 10−4 for the Mantle P-waves [1]
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to 106 for the glassy polymer [5]. Existing analysis [14] demonstrated that the wave
transmission condition (c.f. Section 2) exhibits good performance exclusively in
the weakly damped regime (small 𝜀), while the Robin transmission condition (c.f.
Section 2) proves more effective under strongly damped conditions (large 𝜀). This
observed dichotomy underscores the necessity for developing a unified computa-
tional framework that ensures robustness across the complete spectrum of 𝜀 values.
To bridge this methodological gap, we herein propose and briefly analyze the OSWR
algorithm incorporating a newly-designed two-sided characteristic transmission con-
dition, specifically engineered to enhance algorithmic adaptability and convergence
properties in typical application scenarios across the damping parameter domain.

2 Optimized Schwarz waveform relaxation algorithm

For ease of analysis, we assume that the spatial domain is an infinite domain Ω = R,
which is decomposed as Ω = Ω1 ∪Ω2 with Ω1 = (−∞, 𝐿) and Ω2 = (0,+∞), where
𝐿 ≥ 0 indicates the overlap between subdomains that should be small to save the
computation. Define Γ1 = {𝐿} and Γ2 = {0}. The OSWR algorithm for the model
problem (1) reads: iteratively calculating for 𝑛 = 1, 2, ... until convergence

𝜕𝑡𝑡𝑢
𝑛
𝑗
− 𝜀𝜕𝑡 𝑥𝑥𝑢

𝑛
𝑗
− 𝛾𝜕𝑥𝑥𝑢

𝑛
𝑗
= 𝑓 , in Ω 𝑗 × (0, 𝑇],

(−1)3− 𝑗𝜕𝑥𝑢
𝑛
𝑗
+ 𝑆 𝑗𝑢

𝑛
𝑗
= 𝑔𝑛

𝑗
, on Γ 𝑗 × (0, 𝑇],

𝑢𝑛
𝑗
(·, 0) = 𝜓1, in Ω 𝑗 ,

𝜕𝑡𝑢
𝑛
𝑗
(·, 0) = 𝜓2, in Ω 𝑗 ,

(2)

where

𝑔𝑛𝑗 = (−1)3− 𝑗𝜕𝑥𝑢
𝑛−1
3− 𝑗 + 𝑆 𝑗𝑢

𝑛−1
3− 𝑗 , on Γ 𝑗 × (0, 𝑇],

and 𝑆 𝑗 , 𝑗 = 1, 2 are linear operators in time. By linearity, it suffices to consider only
the case 𝑓 = 0, which corresponds to analyzing the error equation directly. Taking a
Fourier transform of the governing equations in (2) in the time direction gives{

−𝑘2𝑢̂𝑛
𝑗
− 𝑖𝑘𝜀𝜕𝑥𝑥 𝑢̂

𝑛
𝑗
− 𝛾𝜕𝑥𝑥 𝑢̂

𝑛
𝑗
= 0, in Ω 𝑗 × K,

(−1)3− 𝑗𝜕𝑥 𝑢̂
𝑛
𝑗
+ 𝜎𝑗 𝑢̂

𝑛
𝑗
= (−1)3− 𝑗𝜕𝑥 𝑢̂

𝑛−1
3− 𝑗

+ 𝜎𝑗 𝑢̂
𝑛−1
3− 𝑗

, on Γ 𝑗 × K,
(3)

where 𝜎𝑗 (𝑘) are Fourier symbols of the operators 𝑆 𝑗 , 𝑘 represents the Fourier
frequency, and K is the set of all admissible frequencies involved in a practical
calculation. Solving (3), a short computation (see [14]) gives the convergence factor

𝜌(𝑘, 𝐿, 𝜎1, 𝜎2) =
����−𝜆 + 𝜎1
𝜆 + 𝜎1

· −𝜆 + 𝜎2
𝜆 + 𝜎2

���� · ��𝑒−2𝜆𝐿 �� ,
where 𝜆(𝑘) =

√︃
−𝑘2

𝑖𝑘 𝜀+𝛾 =
|𝑘 |

√︃√
𝛾2+𝜀2𝑘2−𝛾

√
2
√
𝛾2+𝜀2𝑘2

+ 𝑖
𝑘

√︃√
𝛾2+𝜀2𝑘2+𝛾

√
2
√
𝛾2+𝜀2𝑘2

=: 𝑎(𝑘) + 𝑖𝑏(𝑘).



Toward a Damping-Robust OSWR for the Kelvin–Voigt Viscoelastic Wave Equation 563

We would like to approximate the optimal Fourier symbols 𝜎∗
𝑗

:= 𝜆(𝑘) using
linear functions of 𝑖𝑘 , i.e., 𝜎𝑗 = 𝑝 𝑗 + 𝑞 𝑗𝑖𝑘 , which correspond to the following
interface operators 𝑆 𝑗 = 𝑝 𝑗 + 𝑞 𝑗𝜕𝑡 and can avoid complex number calculations. The
convergence factor of the OSWR algorithm (2) now reads

𝜌(𝑘, 𝐿, 𝑝1, 𝑝2, 𝑞1, 𝑞2) =

√︄
(𝑎 − 𝑝1)2 + (𝑏 − 𝑞1𝑘)2

(𝑎 + 𝑝1)2 + (𝑏 + 𝑞1𝑘)2 · (𝑎 − 𝑝2)2 + (𝑏 − 𝑞2𝑘)2

(𝑎 + 𝑝2)2 + (𝑏 + 𝑞2𝑘)2 𝑒
−2𝑎𝐿 .

The following three transmission conditions are included in this setting [14]: the
Robin condition 𝑝 𝑗 = 𝑝, 𝑞 𝑗 = 0 approximates only the real part 𝑎(𝑘), the character-
istic condition 𝑝 𝑗 = 0, 𝑞 𝑗 = 𝑞 (specifically, 𝑞 = 1√

𝛾
defines the optimal condition for

wave equation [8], and will be referred as the wave condition hereafter) approximates
only the imaginary part 𝑏(𝑘) and the mixed condition 𝑝 𝑗 = 𝑝, 𝑞 𝑗 = 𝑞 simultaneously
approximates both. The left panel of Fig. 1 reveals that a homogeneous linear func-
tion of 𝑘 approximates the imaginary part 𝑏(𝑘) significantly better than a constant
function approximates the real part 𝑎(𝑘), even when 𝑎(𝑘) is substantially smaller.
Note that large 𝜀 diminishes the difference between 𝑎(𝑘) and 𝑏(𝑘), will even en-
hance this observation. Moreover, the right panel shows that for small 𝜀, 𝑏(𝑘) is
significantly larger than 𝑎(𝑘), highlighting the critical importance of approximating
the imaginary part. Consequently, the characteristic condition is expected to consid-
erably outperform the Robin condition, especially for small 𝜀. Although the mixed
condition approximates both the real and imaginary parts simultaneously, it is ob-
served requiring impractically small mesh sizes to ensure good performance under
weak damping scenarios, this is because the third maximum of its convergence factor
reaches the asymptotic regime very late for 𝜀 small [14]. Based on the above analysis,
while maintaining real-valued computations, the homogeneous linear approximation
targeting the imaginary part 𝑏(𝑘) demonstrates clear advantages. Therefore, to be
more efficient, this paper studies the two-sided characteristic transmission condition
with 𝑝 𝑗 = 0 and 𝑞1 ≠ 𝑞2, whose convergence factor is given by

𝜌2𝐶 (𝑘, 𝐿, 𝑞1, 𝑞2) =

√︄
𝑎2 + (𝑏 − 𝑞1𝑘)2

𝑎2 + (𝑏 + 𝑞1𝑘)2 · 𝑎
2 + (𝑏 − 𝑞2𝑘)2

𝑎2 + (𝑏 + 𝑞2𝑘)2 𝑒
−2𝑎𝐿 .

The OSWR methods then choose the free parameters 𝑞 𝑗 ≥ 0, 𝑗 = 1, 2, towards the
best possible performance, by minimizing the convergence factor over all frequencies
relevant to the problem

min
𝑞 𝑗≥0

max
𝑘∈K

𝜌2𝐶 (𝑘, 𝐿, 𝑞1, 𝑞2), (4)

where we comment that only positive Fourier frequencies should be considered,
i.e., K = [𝑘𝑚𝑖𝑛, 𝑘𝑚𝑎𝑥] with 𝑘𝑚𝑖𝑛 typically estimated as 𝑘𝑚𝑖𝑛 = 𝜋

𝑇
and 𝑘𝑚𝑎𝑥 as

𝑘𝑚𝑎𝑥 = 𝜋
𝜏

, where 𝜏 is the time step size, since 𝜌2𝐶 is symmetric in 𝑘 due to the
presence of the damping term −𝜀𝜕𝑡 𝑥𝑥𝑢, which essentially differs from the classical
wave equation where the convergence factor is asymmetric in 𝑘 .
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Fig. 1 Left: for 𝜀 = 0.001, 𝛾 = 1, the 𝑎 (𝑘 ) and its least-squares fitting by a constant, and the
𝑏 (𝑘 ) and its least-squares fitting by a homogeneous linear function. Right: the difference between
𝑏 (𝑘 ) and 𝑎 (𝑘 ) as a function of 𝜀 and 𝑘.

3 Two-sided characteristic transmission conditions

In this section, we investigate the convergence performance of the OSWR algorithm
with two-sided characteristic transmission conditions at the continuous level. In fact,
the min-max problem (4) is equivalent to

min
𝑞1 ,𝑞2>0

max
𝑘∈K

𝜌̂2𝐶 (𝑘, 𝐿, 𝑞1, 𝑞2), (5)

where 𝜌̂2𝐶 := 𝜌2
2𝐶 . To help our analysis, we introduce the following approximate

convergence factor for sufficiently large 𝑘 > 0

𝜌̃2𝐶 (𝑘, 𝐿, 𝑞1, 𝑞2) =
𝑏̃2 + (𝑏̃ − 𝑞1𝑘)2

𝑏̃2 + (𝑏̃ + 𝑞1𝑘)2
· 𝑏̃

2 + (𝑏̃ − 𝑞2𝑘)2

𝑏̃2 + (𝑏̃ + 𝑞2𝑘)2
𝑒−4𝑏̃𝐿 , (6)

where 𝑏̃ =

√︃
𝑘

2𝜀 . It can be derived that 𝜌̃2𝐶 = 𝜌̂2𝐶 +𝑂 ( 𝐿√
𝑘
) holds for large 𝑘 [14].

Lemma 1 Assuming 𝑞1 < 𝑞2. As a function of 𝑘 , the approximate convergence
factor 𝜌̃2𝐶 (𝑘, 𝐿, 𝑞1, 𝑞2) defined in (6) has four critical points for 𝑘 > 0 at which it
attains local extrema: two local minima at 𝑘 = 𝑘1 and 𝑘 = 𝑘2, and two local maxima
at 𝑘 = 𝑘̄1 and 𝑘 = 𝑘̄2. Their asymptotic behaviors for small 𝐿 are given by:

𝑘1 ∼ 1
𝜀𝑞2

2
, 𝑘̄1 ∼ 1

𝜀𝑞1𝑞2
, 𝑘3 ∼ 1

𝜀𝑞2
1
, 𝑘̄4 ∼ 1

𝑞1𝐿
.

Proof. The proof is similar to that of Theorem 4.12 in [2], and we omit it here. ⊓⊔

Theorem 1 (Two-sided characteristic transmission conditions, overlapping case)
Let 𝐿 = 𝐶1ℎ and 𝜏 = 𝐶2ℎ

𝛿 with ℎ being the spatial mesh size and 𝜏 the time step.
The solution to the min-max problem (5) for sufficiently small ℎ is given as follows
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𝑞∗1 = 2𝜀− 3

5 𝜍
− 2

5
𝑚𝑖𝑛

𝐶
3
5
1 ℎ

3
5 ,

𝑞∗2 = 4𝜀− 1
5 𝜍

− 4
5

𝑚𝑖𝑛
𝐶

1
5
1 ℎ

1
5 ,

if 𝛿 >
8
5
, or 𝛿 =

8
5

and 𝐶1 ≥ 𝐶2𝐶 ,{
𝑞∗1 = 2−2𝜍2

𝑚𝑖𝑛
𝐶̃3
𝑞 (𝐶1ℎ)

3
5 ,

𝑞∗2 = 2𝐶̃𝑞 (𝐶1ℎ)
1
5 ,

if 𝛿 =
8
5

and 𝐶1 < 𝐶2𝐶 ,{
𝑞∗1 = 2− 1

8 (𝜀𝜋)− 3
8𝐶

3
8
2 𝜍

− 1
4

𝑚𝑖𝑛
ℎ

3𝛿
8 ,

𝑞∗2 = 2 · 2 5
8 (𝜀𝜋)− 1

8𝐶
1
8
2 𝜍

− 3
4

𝑚𝑖𝑛
ℎ

𝛿
8 ,

if 0 < 𝛿 <
8
5
,

where 𝜍𝑚𝑖𝑛 = 4𝑘𝑚𝑖𝑛𝑎𝑚𝑖𝑛/(𝑎2
𝑚𝑖𝑛

+ 𝑏2
𝑚𝑖𝑛

), with 𝑎𝑚𝑖𝑛 = 𝑎(𝑘𝑚𝑖𝑛), 𝑏𝑚𝑖𝑛 = 𝑏(𝑘𝑚𝑖𝑛),
𝐶2𝐶 = 2− 5

8 𝜋− 5
8𝐶

5
8
2 𝜀

3
8 𝜍

1
4
𝑚𝑖𝑛

, and 𝐶̃𝑞 is the unique positive root of the polynomial

𝑃(𝜉) = (𝜀𝜋𝐶2)
1
2 𝜍3

𝑚𝑖𝑛𝐶
4
5
1 𝜉

4 −
√

2𝜋𝜍2
𝑚𝑖𝑛𝐶

8
5
1 𝜉

2 − 4
√

2𝐶2.

Moreover, for sufficiently small ℎ, the corresponding convergence factor satisfies the
following asymptotic estimates

max
𝑘∈K

𝜌̂2𝐶 (𝑘,𝐿,𝑞∗1 ,𝑞
∗
2 )

=


1−4𝜀− 1

5 𝜍
1
5
𝑚𝑖𝑛

𝐶
1
5

1 ℎ
1
5 +𝑂 (ℎ 2

5 ), if 𝛿> 8
5 , or 𝛿= 8

5 and 𝐶1 ≥𝐶2𝐶 ,

1−2𝜍𝑚𝑖𝑛 𝐶̃𝑞𝐶
1
5

1 ℎ
1
5 +𝑂 (ℎ 2

5 ), if 𝛿= 8
5 and 𝐶1 <𝐶2𝐶 ,

1−2·2 5
8 (𝜀𝜋)− 1

8 𝐶
1
8

2 𝜍
1
4
𝑚𝑖𝑛

ℎ
𝛿
8 +𝑂 (ℎ 𝛿

4 ), if 0<𝛿< 8
5 .

Proof. A sketch of the proof can be outlined in four steps:

1. Determining 𝑞∗1 = 𝐶𝑞1𝐿
𝛽1 , 𝑞∗2 = 𝐶𝑞2𝐿

𝛽2 via equi-oscillation:

• The equi-oscillation problem is solved over K = [𝑘𝑚𝑖𝑛, 𝑘𝑚𝑎𝑥], where the inte-
rior maximum points of the convergence factor 𝜌̂2𝐶 (𝑘, 𝐿, 𝑞1, 𝑞2) are identified
in Lemma 1, and are asymptotically given by

𝑘̄∗1 ∼ 1
𝜀𝑞∗1𝑞

∗
2
= (𝜀𝐶𝑞1𝐶𝑞2 )−1𝐿−(𝛽1+𝛽2 ) , 𝑘̄∗2 ∼ 1

𝑞∗1𝐿
= 𝐶−1

𝑞1 𝐿
−(1+𝛽1 ) .

• Depending on the relative position of 𝑘𝑚𝑎𝑥 = 𝜋/(𝐶2ℎ
𝛿) and 𝑘̄∗2, two regimes

are identified:
– 𝑘𝑚𝑎𝑥 ≥ 𝑘̄∗2. Equi-oscillate 𝜌̂2𝐶 between 𝑘𝑚𝑖𝑛, 𝑘̄∗1 and 𝑘̄∗2.
– 𝑘𝑚𝑎𝑥 < 𝑘̄∗2. Equi-oscillate 𝜌̂2𝐶 between 𝑘𝑚𝑖𝑛, 𝑘̄∗1 and 𝑘𝑚𝑎𝑥 .

2. Finding the asymptotic locations of the local maxima: it is shown that
𝜌̂2𝐶 (𝑘, 𝐿, 𝑞1, 𝑞2) asymptotically attains its local maxima at 𝑘𝑚𝑖𝑛, 𝑘̄∗1 and 𝑘̄∗2.

3. Showing the optimality of 𝑞∗1, 𝑞
∗
2 in an asymptotic sense: any parameter pair

(𝑞1, 𝑞2) = (𝐶𝑞1𝐿
𝛽1 , 𝐶𝑞2𝐿

𝛽2 ) other than (𝑞∗1, 𝑞
∗
2) is shown to produce a larger

maximum value of 𝜌̂2𝐶 . All we need is to show that if (𝑞1, 𝑞2) ≠ (𝑞∗1, 𝑞
∗
2), then

there exists a 𝑘∗ such that for ℎ > 0 small enough
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𝜌̂2𝐶 (𝑘∗, 𝐿, 𝑞1, 𝑞2) > max
𝑘

𝜌̂2𝐶 (𝑘, 𝐿, 𝑞∗1, 𝑞
∗
2) = 𝜌̂2𝐶 (𝑘𝑚𝑖𝑛, 𝐿, 𝑞

∗
1, 𝑞

∗
2).

4. Asymptotic expansion: expanding the convergence factor 𝜌̂2𝐶 (𝑘𝑚𝑖𝑛, 𝐿, 𝑞
∗
1, 𝑞

∗
2)

in ℎ to obtain the asymptotic convergence rate estimate. ⊓⊔

A similar analysis for the non-overlapping case yields the following result.

Theorem 2 (Two-sided characteristic transmission conditions, non-overlapping
case) For the non-overlapping case 𝐿 = 0, if 𝑘𝑚𝑎𝑥 is large enough, the parameters

𝑞∗1 = 2 · 2 5
8 𝜀−

1
8 𝜍

− 3
4

𝑚𝑖𝑛
𝑘
− 1

8
𝑚𝑎𝑥

𝑞∗2 = 2− 1
8 𝜀−

3
8 𝜍

− 1
4

𝑚𝑖𝑛
𝑘
− 3

8
𝑚𝑎𝑥

asymptotically solve the min-max problem (5), and lead to the following estimate

max
𝑘∈K

𝜌̂2𝐶 (𝑘, 0, 𝑞∗1, 𝑞
∗
2) = 1 − 2 · 2

5
8 𝜀−

1
8 𝜍

1
4
𝑚𝑖𝑛

𝑘
− 1

8
𝑚𝑎𝑥 +𝑂 (𝑘−

1
4

𝑚𝑎𝑥).

Remark 1 A comparison between the results of Theorems 1 and 2 shows that when
𝛿 < 8

5 , the presence of overlap does not enhance the performance of the OSWR
algorithm with two-sided characteristic transmission conditions.

4 Numerical experiments

The theoretical findings are illustrated by solving the error equation derived from
the viscoelastic model (1) in Ω = (−1, 1), with parameters 𝜀 = 2, 𝛾 = 1, and
𝑇 = 1. The domain is decomposed into Ω1 = (−1, 𝑙) and Ω2 = (−𝑙, 1), with
overlap 𝐿 = 2ℎ (i.e. 𝑙 = ℎ) unless stated otherwise. The OSWR algorithm (2) is
implemented with the centered finite difference in space and the Crank-Nicolson
method in time. The algorithm starts from random initial guesses 𝑔0

𝑖
(𝑖 = 1, 2) and

stops if max{∥𝑔𝑛1 − 𝑔𝑛−1
1 ∥∞, ∥𝑔𝑛2 − 𝑔𝑛−1

2 ∥∞} < 10−3.
The convergence behavior of the OSWR algorithm with two-sided characteristic

conditions using ℎ = 1
40 ,

1
80 , . . . ,

1
640 , as shown in the left panel of Fig. 2, confirms the

theoretical prediction from Theorem 1: the convergence factor behaves like 1−𝑂 (ℎ 1
8 )

for 𝜏 = ℎ and 1 −𝑂 (ℎ 1
5 ) for 𝜏 = ℎ2, but only for very small mesh size ℎ.

By varying (𝑞1, 𝑞2) for 𝜀 = 2 under 𝜏 = ℎ = 1
500 and recording the resulting

iteration counts, we observe in the middle plot of Fig. 2 that the theoretical values
(marked by a red star) align well with the numerical optimum. And we believe that
on finer grids the theoretical prediction would perform even better.

We now assess the robustness of the two-sided characteristic transmission con-
dition to the damping coefficient 𝜀. The right panel of Fig. 2, obtained with
𝜏 = ℎ = 1

1000 , clearly demonstrates the improved robustness of the two-sided char-
acteristic condition: it performs comparably to the wave condition and significantly
better than the Robin condition for small 𝜀, while outperforming both for larger 𝜀
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Fig. 2 Left: the asymptotic behavior as the spatial grid is refined with the overlap 𝐿 = 2ℎ, together
with the predicted convergence rates from analysis. Middle: optimized parameter (∗) found by
asymptotic analysis, compared with the performance of other parameter values. Parameters: 𝜀 = 2,
𝜏 = ℎ = 1

500 . Right: the number of iterations as a function of 𝜀 with 𝐿 = 2ℎ, 𝜏 = ℎ = 1
1000 .

though the iteration count still increases in 𝜀 because of the nature of the problem it-
self. In contrast, the classical SWR method requires at least 259 iterations and grows
significantly in 𝜀. To sum up, the two-sided characteristic condition is more robust
than the wave and Robin conditions, although its iteration count still increases in the
damping coefficient 𝜀. Furthermore, the iteration counts for varying 𝛾 are presented
in Table 1 with ℎ = 1

200 , showing that the algorithm is largely insensitive to 𝛾.

Table 1 The number of iterations for varying
parameter 𝛾 with the overlap 𝐿 = 2ℎ and ℎ =

1
200 for 𝜏 = ℎ and 𝜏 = ℎ2 (in brackets).

𝜀\𝛾 2−4 2−2 20 22 24

0.02 9[7] 9[6] 7[5] 6[6] 6[9]
0.2 12[10] 11[9] 10[9] 9[7] 9[7]
2 14[15] 13[15] 13[15] 11[13] 15[13]

Table 2 Iteration counts for the OSWR algo-
rithm with two-sided characteristic transmis-
sion conditions for varying overlap 𝐿 with
ℎ = 1

200 .

𝐿 0 2ℎ 4ℎ 8ℎ

𝜏 = ℎ 13 13 13 12

𝜏 = ℎ2 26 15 11 9

Next, we investigate the influence of overlap size 𝐿 on convergence using ℎ = 1
200

and 𝜏 = ℎ or 𝜏 = ℎ2. Using 𝐿 = 0, 2ℎ, 4ℎ, 8ℎ, Table 2 shows that for 𝜏 = ℎ2,
increasing overlap reduces iterations, whereas for 𝜏 = ℎ, overlap has negligible
effect—consistent with Remark 1.

Finally, a many-subdomain case is tested, as shown in Table 3. The results indicate
that more iterations are required when increasing the number of subdomains, espe-
cially for strong damping scenarios. Using the OSWR algorithm as a preconditioner
[6] and introducing a coarse grid correction would enhance the scalability.

Table 3 The number of iterations required
by the OSWR algorithm with two-sided
characteristic condition in many-subdomain
case, with overlap 𝐿 = 2ℎ, 𝜏 = ℎ and
ℎ = 1

128 . ’#’ denotes the number of sub-
domains.

𝜀\# 2 4 8 16
0.02 6 8 11 16
0.2 9 10 19 47
2 13 33 101 180
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5 Conclusion

Through an analysis of the convergence factor derived from Fourier analysis, a
two-sided characteristic transmission condition is thus designed for the OSWR al-
gorithm applied to the Kelvin–Voigt viscoelastic wave equation, with the objective
of achieving robustness against damping. The resulting optimized algorithm demon-
strates significantly improved robustness over all damping parameters within the
investigated range, outperforming existing SWR methods. However, numerical ob-
servations indicate that the algorithm fails to achieve its optimal performance with
relatively large mesh sizes (see the left plot of Fig. 2), a finding that merits further
study. Furthermore, the case of variable damping and the design of a coarse grid cor-
rection, which are of great practical importance in many applications, also deserve
future investigation.
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