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1 Introduction

The idea of using domain decomposition on computers already emerged when those
where only sequential: in 1953 [12]1, G. Kron, an engineer at General Electric,
presented numerical results on a UNIVAC computer using what would now be called
a domain decomposition method. In the abstract, the author stated the following:

A set of principles and a systematic procedure are presented to establish the exact solutions of very
large and complicated physical systems, without solving a large number of simultaneous equations
and without finding the inverse of large matrices. The procedure consists of tearing the system
apart into several smaller component systems. After establishing and solving the equations of the
component systems, the component solutions themselves are interconnected to obtain outright, by
a set of transformations, the exact solution of the original system.

Nowadays, supercomputing domain decomposition experiments typically use one
MPI process per CPU processor core (and we use this setting also in this work), and
as many CPU cores as subdomains, each of the CPU core handling one subdomain.
However, using more subdomains than CPU cores, i.e., having each core handle more
than one subdomain, can be beneficial, as was already shown by G. Kron for one
processor core, and as can nowadays be shown on several thousands of processors on
modern parallel computers. This was done in a nuclear engineering context in [14],
where the interest of domain decomposition as a sequential method is shown, as well
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as the existence of an optimal number of subdomains to use for a given number of
CPU cores.

In this work, we use the possibility given by PETSc [3, 4, 5] to use more sub-
domains than CPU cores for the Restricted Additive Schwarz (RAS, [6]) method:
PETSc’s (one-level) RAS implementation, named PCASM , offers in this view the
-pc asm blocks option. Our model problem will be the Laplace problem in 2D
and 3D (respectively discretized with 5- and 7-point finite differences), that we solve
with two-level RAS preconditioning and GMRES acceleration (with restart parameter
fixed to 30), starting from a random initial guess and converging to the zero solution
with a relative convergence tolerance of 1.e-8. Besides RAS, its optimized version
ORAS [10], which uses optimized interface conditions, will also be considered. In
all our experiments, the overlap is fixed to 1 in the PETSc sense, i.e., an algebraic
overlap of 2. For details on our implementation of two-level RAS/ORAS in PETSc, see
[7].

The coarse spaces considered in this work are the Nicolaides coarse space [13],
which uses a constant basis function on each subdomain, and the Merged Q1 coarse
space (Merged 1 of [8]), which uses a single coarse function at each cross point
of the non-overlapping decomposition (obtained by merging the Q1 corresponding
coarse functions) and is meant to be used with GMRES acceleration or with relaxation,
avoiding duplication of effects in resolving the RAS iteration operator eigenmodes.

Besides time-to-solution, our numerical results also include energy-to-solution
measurements, a subject of increasing importance in supercomputing centers. Note
that these measurements are obtained at the computing node level, so that they do not
take into account other aspects such as internal cooling, storage, network switches
and Power Usage Efficiency (PUE) of the datacenter.

In Section 2 we present 2D strong scaling results for the two-level RAS method,
that is, we use a fixed problem size and progressively increase the number of
CPU cores used. This is done for a varying number of subdomains, using one or
more subdomains per core, i.e., per MPI process. In Section 3 we present strong
scaling 3D results for the two-level ORAS method, and moreover compare them to
algebraic multigrid results.

Our results were obtained on the CPU (“Genoa”) partition of the HPE-Cray Adas-
tra machine hosted at CINES in Southern France (www.cines.fr). Each compute
node hosts two AMD Genoa EPYC 9654 processors each with 96 processor cores
(so a total of 192 cores per node) at 2.4 GHz, with 768 GB memory per node. The
energy measurements were obtained by accessing the energy counter of each of the
involved nodes at the beginning and at the end of each run.

2 2D RAS results

We consider our model Laplace problem with size fixed to 226, i.e, a 8192 × 8192
fine mesh, using 𝑁CPU processor cores with 𝑁CPU = 64, 256, 1024 and 4096. For each
𝑁CPU, we use 𝑁Sub subdomains with 𝑁Sub = 𝑁CPU, 4 𝑁CPU, 16 𝑁CPU, 64 𝑁CPU, . . . up



Two-level Schwarz Methods using more Subdomains than MPI Processes 411

Coarse space type 𝑁Sub coarse space size iterations

Nicolaides 64 64 249
256 256 195
1024 1024 131
4096 4096 90
16,384 16,384 66
65,536 65,536 47
262,144 262,144 34

Merged Q1 64 49 109
256 225 78
1024 961 57
4096 3969 42
16,384 16,129 30
65,536 65,025 23
262,144 261,121 17

Table 1: Number of iterations and coarse space sizes for each number of subdomains 𝑁Sub.

to 262,144 (218). Given the problem size fixed to 226, this corresponds to using local
meshes of size 1024×1024 (with 64 subdomains) to 16×16 (with 218 subdomains).

With our coarse space choice, increasing the number of subdomains increases
the coarse space size, so we expect this to lower the number of GMRES iterations to
be performed. Table 1, which gives the number of iterations as a function of the
number of subdomains and coarse space size, shows that this is true for our test
problem. Note also the striking superiority of the Merged Q1 coarse space over the
Nicolaides one in this case: about half the number of iterations with a similar
(even slightly smaller) coarse space size.

While using more than one subdomain per CPU core implies thus less iterations,
it also implies that several small local solves (LU) are to be performed sequentially
on each core, instead of a single (larger) one. However, the combined total time
of several small solves is typically smaller than a large one, since their complexity
decreases more than linearly with the problem size2. On the other hand, increasing the
coarse space size means a larger coarse problem to solve and more local submatrices
to create. With opposite effects, we can expect that there is an optimal number of
subdomains 𝑁Sub to be found for any fixed 𝑁CPU.

Fig. 1 shows the different contributions to the total computing time using the
Merged Q1 coarse space, mainly distinguishing between RAS and coarse correction
(cc) contributions, each split into setup and solution phase. As expected, we observe
that the RAS setup time increases with the number of subdomains for a given number
of CPU cores since there are more and more local submatrices to create. In fact, the
RAS setup time accounts for the total computing time at 262,144 subdomains for
𝑁CPU = 64, and it is nearly the case for 𝑁CPU = 256. The coarse correction setup time

2 The same idea was already present in [12]: If a physical system is divided into 𝑛 parts, the inversion
of each part consumes 1/𝑛3 of the inversion time of the original system. Hence the 𝑛 inversions
consume 1/𝑛2 of the original time.
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(a) 𝑁CPU = 64 (b) 𝑁CPU = 256

(c) 𝑁CPU = 1024 (d) 𝑁CPU = 4096

Fig. 1: Detailed computing times for a fixed number ofCPU cores and varying number of subdomains
(cc = coarse correction) using the Merged Q1 coarse space.

appears insignificant in all cases. As for the solving times, we see that the RAS solving
time decreases when increasing the number of subdomains, because there are less
iterations to perform (better coarse space) and also, as announced, because several
sequential small local solves are faster than a large local solve: for 𝑁CPU = 1024, at
𝑁Sub =1024, the 57 iterations are performed in 1.82s, which means .032s per iteration,
while at 𝑁Sub =262,144, the 17 iterations are performed in .37s, which means .022s
per iteration. The time per iteration thus decreases when several smaller local solves
are performed. Finally the coarse correction solving time logically increases with the
size of the coarse space and thus with the number of subdomains. Summing up all the
contributions, we have that for each fixed number of CPU cores, there is an optimal
number of subdomains to minimize the total computing time (i.e., time-to-solution),
as expected.

Fig. 2(a) shows the total time-to-solution for the different values of 𝑁CPU on a same
plot, including also the results using the Nicolaides coarse space. From the zoomed
version (Fig. 2(c)), we conclude that optimal time-to-solution is obtained using 4096
CPU cores and 16384 subdomains. Fig. 2(b) and 2(d) show the corresponding energy-
to-solution results. The optimal energy-to-solution is obtained using 1024 CPU cores
and 16384 subdomains.
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(a) Time-to-solution (b) Energy-to-solution

(c) Time-to-solution (zoom) (d) Energy-to-solution (zoom)

Fig. 2: Total RAS time- and energy-to-solution for fixed 𝑁CPU and varying number of subdomains
using the Nicolaides (in blue) and Merged Q1 (in red) coarse spaces. Note that “CPUs” stands
for “CPU cores” in the legend.

Besides time- and energy-to-solution, we also provide later in Fig 4(a) the total
memory used by the jobs per MPI process, i.e., per CPU core. (Note that PETSc’s
−mat increase overlap scalable option is used for all the runs). Using more
cores for the same problem size logically reduces the amount of memory used by
each of them (- between 256 and 64 cores we roughly observe the same factor of
4 for the memory, and for more cores the incompressible memory use per core
predominates).
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(a) Time-to-solution (b) Energy-to-solution

(c) Time-to-solution (zoom) (d) Energy-to-solution (zoom)

Fig. 3: Total ORAS time- and energy-to-solution in 3D for fixed 𝑁CPU and varying number of
subdomains using the Nicolaides (in blue) and Merged Q1 (in red) coarse spaces, together with
equivalent HYPRE/BoomerAMG results (in black). Note that “CPUs” stands for “CPU cores” in the
legend.

3 3D ORAS results and comparison with multigrid

We now consider our model problem in 3D with a problem size fixed to 227,
i.e., a 512 × 512 × 512 fine mesh. This time we use optimized RAS [10], again
with the Nicolaides and Merged Q1 coarse spaces, and compare our results to
the HYPRE/BoomerAMG algebraic multigrid preconditioning [11] option available
through PETSc (with optimized tuning from [15]). We use 𝑁CPU = 512, 4096 and
32,768 and, for each 𝑁CPU, 𝑁Sub = 𝑁CPU, 8 𝑁CPU , 64 𝑁CPU, . . . up to 262,144 (218).
Given the problem size fixed to 227, this corresponds to using local meshes of size
128 × 128 × 128 (with 64 subdomains) to 8 × 8 × 8 (with 218 subdomains).

Total time- and energy-to-solution are shown in Fig. 3. The curves at 512
CPU cores are stopped at 32,768 subdomains because of an up-to-now unexplained
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(a) 2D RAS (b) 3D ORAS

Fig. 4: Physical memory used per MPI process. Note that “CPUs” stands for “CPU cores” in the
legend.

error occurring in MUMPS [1, 2] (used as local direct solver by PETSc ) during the
local subdomain LU factorizations. We observe here that, for both Nicolaides and
Merged Q1 coarse spaces, the optimal time-to-solution is obtained using 32,768
cores and as many subdomains, while the optimal energy-to-solution is obtained
using 512 cores and 16,384 subdomains. As for HYPRE/BoomerAMG, the optimal
time-to-solution is obtained at 4096 cores and is comparable to our best ORAS results,
while the optimal energy-to-solution is obtained at 512 cores and remains better than
our best ORAS results (8.704 vs. 25.041 kJ). Note that the performances of our ORAS
method could potentially be further improved by using a multilevel (rather than just
two-level) approach as developed in [9].

Finally, Fig. 4(b) shows the equivalent memory plots. Unlike what happens in
2D, we observe in 3D that an optimal 𝑁Sub , 𝑁CPU combination also exists for the
memory consumption and that it tends to first decrease when increasing the number
of subdomains. Actually, trying to solve our 227 problem with only 64 CPU cores (not
shown on the plot), we observed that using 64 and 512 subdomains then yields an
out-of-memory error, but not using 4096. On a given machine, adjusting the number
of subdomains can thus make a problem solvable by lowering the required memory.

4 Conclusion

Using more subdomains than CPU cores can be useful, with an optimal to be found
in terms of time, energy and memory. The optimal combination of number of sub-
domains and number of cores can be very different according to the criteria chosen.
While the memory limitation is fixed by the hardware, the choice between optimizing
in time or in energy is more of a strategic nature. It should take into account the global
energy consumption at the infrastructure level and not only at the node level, as well
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as the ratio between the operational and hardware manufacturing/decommissioning
energetic costs and related emissions.

Acknowledgements This work was performed using HPC resources from GENCI-CINES.
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